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ABSTRACT

Non-Line-of-Sight (NLOS) imaging aims to see what is hidden around a corner, with a variety of compelling
applications such as medical imaging, search and rescue operations, or car safety. The field emerged with
the advent of transient imaging, which, utilizing an extremely high temporal resolution, offers a means
to analyze light transport over time. By capturing indirect photons reflected from a visible relay wall and
exploiting their time of flight, NLOS methods can reconstruct the geometry of hidden scenes.

Despite recent promising results, NLOS imaging is confined to laboratory-controlled situations,
limiting its practical deployment. This thesis aims to progress NLOS imaging towards its practical imple-
mentation into everyday technology. To that end, we contribute in three different aspects that shape the
structure of this thesis: generalization of NLOS for varying and complex setups, efficiency of reconstruction
methods, and correct modeling of its transient capture.

Existing NLOS reconstruction methods rely on restrictive physical assumptions to make the problem
tractable. This limits the robustness and applicability of NLOS in real-world scenarios. In the first part
of this thesis, we tackle the mentioned limitations in reconstruction by relaxing common assumptions.
Specifically, we show that NLOS reconstruction is feasible under dense scattering media, removing the
common assumption of light traveling through a vacuum. On top of that, we propose a novel setup
consisting of multiple relay walls that we can treat as a single optical system, as we demonstrate. This
enhances the hidden scene visibility, breaking the planar-relay wall assumption in the process.

Additionally, NLOS reconstructions often demand considerable computational resources. To address
this limitation, in the second part of the thesis, we propose two novel reconstruction algorithms focused
on efficiency. The first simplifies the light propagation, offering a trade-off between quality and memory
consumption of the reconstruction. Our second approach achieves micrometer depth precision in the same
computational complexity as previous methods employ to achieve centimeter-scale precision, employing
the virtual phase that was discarded by previous methods.

Besides reconstruction, NLOS imaging struggles in handling captures with suboptimal instrument
response, such as noise and low temporal resolution. Existing methods ignore underlying physical events,
assuming ideal captures (noiseless, delta-illuminated, and infinite temporal resolution). Therefore, ex-
perimental validation for reconstruction methods is limited to sophisticated hardware and controlled
environments. For the third part of this thesis, we explicitly model the physical processes occurring during
an NLOS capture, computationally enhancing the signal from lower-end devices and noisy environments.
For that purpose, we build upon a formulation based on the Dirac notation, originally developed in a
collaborative work, proposing a cohesive and compact representation of the light transport and instrument
response of an NLOS scene.

In summary, this thesis generalizes NLOS imaging models, algorithms, and physical setups to facilitate
practical deployment in real-world environments. We expect these contributions to support future advances
such as adaptive NLOS systems and novel capture strategies.






RESUMEN

La formacién de imagen sin linea de visiéon (NLOS, por sus siglas en ingés) establece su objetivo en ver
lo que se oculta a la vuelta de la esquina, con variedad de aplicaciones tales como la imagen médica,
operaciones de busqueda y rescate, o seguridad automovilistica. El campo surgi6 con el advenimiento de
la imagen transitoria, la cual, utilizando una resolucién temporal extremadamente alta, ofrece los medios
para analizar el transporte de luz a lo largo del tiempo. Al capturar fotones indirectos reflejados desde
una superficie auxiliar visible y aprovechar su tiempo de vuelo, los métodos NLOS pueden reconstruir la
geometria de escenas ocultas.

Pese a resultados prometedores recientes, la aplicaciéon de imagen NLOS se limita a escenarios
controlados, restringiendo su despliegue practico. Esta tesis tiene como objetivo avanzar en la imagen
NLOS hacia su implementacién practica en la tecnologia cotidiana. Para ello, contribuimos en tres aspectos
diferentes que estructuran esta tesis: la generalizacién de NLOS para diversas configuraciones, la eficiencia
de los métodos de reconstruccién y el modelado correcto de la captura transitoria.

Los métodos actuales de reconstruccién NLOS recurren a presunciones fisicas restrictivas para hacer
el problema manejable. Esto limita la robustez y aplicabilidad de NLOS en escenarios del mundo real.
En la primera parte de esta tesis, abordamos las limitaciones mencionadas en la reconstruccién relajando
presunciones comunes. Concretamente, demostramos que la reconstrucciéon NLOS es factible en medios
participativos densos, desafiando la presuncién comun de que la luz viaja en el vacio. Ademads, proponemos
una configuracion novedosa consistente en multiples superficies auxiliares que podemos tratar como un
Unico sistema optico, tal y como demostramos. Esto mejora la visibilidad de la escena oculta, rompiendo la
suposicidn de superficie auxiliar planar en el proceso.

Ademas, los métodos de reconstruccién en NLOS demandan considerables recursos computacionales.
Abordando esta limitacidn, en la segunda parte de la tesis, proponemos dos algoritmos de reconstruccién
centrados en la eficiencia. El primero simplifica la propagacién de la luz, ofreciendo un compromiso entre
la calidad de la reconstruccién y el consumo de memoria. Nuestro segundo enfoque aprovecha la fase
virtual, que es descartada por los métodos anteriores. Esto permite identificar variaciones de profundidad
en la escena oculta a escala micrométrica, mientras que los enfoques anteriores solo alcanzan una precisién
a escala centimétrica con una complejidad computacional comparable.

Aparte de la reconstruccion, la imagen NLOS tiene dificultades para manejar capturas con una respuesta
instrumental sub6ptima, como ruido o baja resolucién temporal. Métodos existentes ignoran los eventos
fisicos subyacentes, asumiendo capturas ideales. La validacién en el campo se ve limitada a hardware
sofisticado y entornos controlados. Para la tercera parte de la tesis, modelamos explicitamente los procesos
fisicos que ocurren durante una captura NLOS, refinando computacionalmente la sefial de dispostivos de
gamma baja o entornos ruidosos. Para ello, nos basamos en una formulacién basada en la notacién de Dirac,
desarrollada originalmente en un trabajo colaborativo, proporcionando una representacion cohesionada y
compacta del transporte en la escena oculta.

En resumen, esta tesis generaliza los modelos de imagen NLOS, los algoritmos y las configuraciones
fisicas para facilitar su implementacion prictica en entornos del mundo real. Esperamos que estas contribu-
ciones sirvan de apoyo a futuros avances, como los sistemas NLOS adaptativos y las nuevas estrategias de
captura.
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INTRODUCTION.

Everybody has fantasized about using superpowers at some point in their life. One of the most iconic is
the x-ray vision, which fiction and comic stories allude to the ability to see through objects. Although this
bears little relation to the physical properties of X-ray radiation, it points to more grounded and compelling
problems where access to the direct line of sight is challenging or involves risk. Some examples are the
identification of diseases using non-intrusive methods for medical diagnosis, the warning of occluded
incoming dangers to drivers in car safety, exploration of areas where access is difficult or dangerous, or the
localization of people in rescue operations after disasters (see Figure 1.1). Nowadays, technology allows
for achievements that were once considered fantasy, and now it is possible to see what is hidden from our
direct line of sight. This ability is known as Non-line-of-sight (NLOS) imaging.

Figure 1.1: Applications in which the imaging targets lie outside the line of sight. From left to right: car safety, rescue
operations, medical imaging, and underground exploration. The red light indicates a NLOS system, which
captures light indirectly scattered from the hidden scene. This figure was created with assistance from
Google Gemini.

NLOS imaging is a novel field that aims to reconstruct scenes that are hidden around a corner. Its
emergence is related to the arrival of transient imaging, a technology that records light at an effective frame
rate of trillions per second. At this frame rate, it is possible to record the light propagation over time in
macroscopic scenes [51]. That allows researchers to employ the time of flight (ToF) of the light for NLOS
imaging [21]. The key idea behind how it works is to employ the indirect illumination that scatters onto a
visible Lambertian surface, or a relay wall. Thus, the relay wall acts as an auxiliary observation point of
the hidden scene. Figure 1.2 depicts a typical NLOS imaging setup, where a laser indirectly illuminates the
hidden scene, and a transient sensor records the light returning to the relay wall over time.

One of the first captures of transient imaging applied to an NLOS setting occurred thirteen years before
the completion of this thesis [115]. Since then, the NLOS imaging landscape has seen rapid progression in
both hardware and computational tools. The sensing devices are faster and more reliable, while methods for
reconstructing NLOS scenes have emerged with varying efficiency and accuracy. Yet, NLOS technology is
still in the early stages of development. The NLOS measurements are limited to controlled environments,
such as laboratories, due to the requirements of sophisticated hardware and challenging calibration.
Moreover, computational demands prevent the implementation in resource-constrained devices, such as
onboard car computers, drone processing units, or smartphones. All these reasons hamper the transformation
of NLOS imaging into a daily and accessible tool.

The ultimate goal of this thesis is to enable future NLOS imaging beyond controlled laboratory
environments and towards real-world applications. We argue that current limitations in NLOS arise from
three sources. First, reconstruction methods rely on restrictive physical assumptions, limiting robustness
across diverse NLOS scenes. Second, even considering the aforementioned assumptions, calculations of
NLOS reconstructions require expensive computational resources. This hinders the NLOS implementa-
tion into smaller and portable hardware, or limited-time applications. Third, existing NLOS approaches
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Figure 1.2: Example of a common setup in NLOS imaging. Using a transient camera (dark camera) and controlled
illumination (a red laser), the hidden scene (the dragon) can be imaged.

impose method-specific and independent formulations with ad-hoc assumptions. This often implies that
methods ignore the modeling of the underlying physical events present at the capture of the NLOS signal.
Consequently, current imaging solutions are highly sensitive to suboptimal capture conditions. These three
problems motivate the structure of this thesis, which is divided into three parts: generalization of the NLOS
reconstruction, efficient algorithms for NLOS reconstructions, and capture formulation and modeling. We
introduce the contributions of this thesis to each of these challenges in the following.

TOWARDS GENERALIZED RECONSTRUCTION OF HIDDEN SCENES. Reconstructing in the NLOS
context involves inverting the propagation of the light scattered from a hidden scene to a relay wall,
leveraging its ToF. Addressing all possible physical events of the light makes the problem intractable.
Researchers rely on physical assumptions of the NLOS scene to simplify the reconstruction complexity,
such as light traveling in the vacuum or planar relay walls, making reconstructions tractable. Although
these simplifications enable previous works to achieve promising results, they present drawbacks. Reality
must adapt to the assumed scenario. Otherwise, reconstructions fail due to unforeseen physical events.
This lack of robustness constrains practical NLOS deployment to in-the-wild scenarios, confining NLOS
imaging to laboratory-controlled scenes.

In this first part of the thesis, we focus on the robustness of the NLOS reconstructions to expand NLOS
applicability from the laboratory to the real world. Rather than specializing reconstruction algorithms to
increasingly restrictive scenarios, we challenge common assumptions on light propagation and relay wall
geometry. To that end, we leverage the Phasor Fields formulation [69], which poses the relay wall as a
virtual wavefront propagation. This abstraction enables the use of well-known tools from wave and Fourier
optics, posing the NLOS reconstruction as a virtual line-of-sight problem.

Based on the Phasor Field framework, we demonstrate that it is feasible to reconstruct scenarios that
were previously considered impractical. Specifically, we show that it is feasible to reconstruct a hidden
scene submerged in scattering media, challenging the common assumption that light travels in the vacuum.
We also prove that it is possible to compose a generalized optical system from multiple relay walls, relaxing
the planar relay wall requirement.
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EFFICIENT ALGORITHMS TO RECONSTRUCT THE HIDDEN SCENE. In terms of reconstruction
quality, current NLOS approaches achieve promising results for recovering hidden scenes. Existing methods
employ a variety of strategies to estimate the position and the albedo of a hidden surface from the captured
transient signal. Yet, this task may require a considerable amount of computational resources, even when
incorporating the assumptions mentioned previously, with memory demands that exceed the capabilities of
portable or embedded devices. Furthermore, in many NLOS approaches, reconstruction quality is tightly
tied to computational resources. As a result, NLOS usage is restricted for memory-constrained devices,
high-precision reconstructions become impractical, and scalability materializes as a significant challenge.

For the second part of this thesis, we focus on the efficiency of the NLOS reconstruction in both
memory and time. To that end, we again leverage the virtual wavefront abstraction provided by the Phasor
Fields formulation [69]. This abstraction serves us as a foundation upon which we build two reconstruction
algorithms.

Our first algorithmic solution simplifies the wavefront propagation of Phasor Fields, offering a
trade-off between quality and memory consumption of the reconstruction. This approach benefits memory-
constrained devices by reducing computational costs of reconstructing irrelevant areas of the hidden
scene. Our second approach achieves substantially higher depth precision than prior approaches while
maintaining the same temporal complexity. This method is capable of isolating reconstruction quality from
computational demands, paving the path for novel approaches tailored to larger scales or more complex
scenarios.

ENHANCING THE NLOS CAPTURE WITH COHESIVE AND CORRECT FORMULATIONS. In recent
years, the NLOS panorama has conceived an explosion of proposals whose development has occurred
independently to each other. The approaches often rely on ad-hoc assumptions and method-specific formu-
lations. Consequently, there is a fragmentation between methods, hindering integration and interoperability
between them. Besides, previous methods’ formulations often ignore underlying physical events present at
the moment of the capture. For example, noise or the temporal effects derived from the hardware at the
capture degrade the signal use for NLOS methods, and they are rarely considered. This conceals the usage
of NLOS to sophisticated and specific hardware, and long acquisition times, in order to minimize those
undesired effects.

The third part of this thesis addresses capture-related limitations in NLOS imaging. We seek to model
the physical effects occurring at the capture, enabling lower-end hardware and relaxing the calibration
challenges during acquisition. To that end, we draw inspiration from quantum mechanics. Similarities exist
between the uncertainty principle and NLOS imaging, as reconstructions represent probability distributions
due to inherent ambiguities and incomplete information present in the light transport of the hidden scene.
In a collaborative work, we adopt the Dirac notation, commonly employed in quantum mechanics, and
adapt it for NLOS imaging.

Building upon this representation, the Dirac notation offers a cohesive and compact mathematical
formulation that encompasses existing NLOS methods. We build on top of this mathematical representation
to offer a more complete model of the physics present at the moment of capture in a compact syntax.
Hence, we are capable of deriving a mathematical formalism that relates the ideal signal desired for any
NLOS approach to what is actually captured. As we show, we can enhance the capture from low temporal
resolution or with high noise derived from low photon counts, enabling the usage of lower-end devices and
lower acquisition times for NLOS imaging.

In conclusion, we present several contributions towards the applicability of NLOS. Our advances in
reconstructions allow for the generalized application of NLOS into new configurations and conditions,
while lowering the computational demands. Furthermore, by leveraging the NLOS formulation based on
Dirac, we can represent the light propagation within the hidden scene in a compact format without losing
generalization. This relaxes the strict capture conditions and enables imaging with lower-end devices in
more noisy scenarios. Together, we bring better and more efficient strategies to the NLOS community,
reducing the gap between current implementations and in-the-wild applications. We believe this work
provides foundations for future researchers’ endeavors in the area. Novel NLOS strategies may achieve, e.g.,
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adaptive approaches that relate capture and reconstruction, or compressed sensing to enhance measurements
in less acquisition time, building upon this thesis’s contributions.

In the following, we provide more insights about the structure and the detailed contributions of this
thesis.

1.1 GOAL AND OVERVIEW.

As previously stated, this thesis pursues the improvement of NLOS imaging for its practical implementation
on three fronts. Therefore, the structure of this document is divided into three parts accordingly:

* Part I sets its focal point into generalizing the reconstruction of NLOS into broader and more varying
setups. For that purpose, we leverage the Phasor Fields formulation, which we describe in detail in
Section 3.2 of Chapter 3. This part is composed of the following chapters:

— Chapter 4. Previous methods fail in handling hidden scenes with the presence of dense fog,
smoke, or dust due to the assumption of light travelling through the vacuum. In this chapter,
we demonstrate that it is feasible to reconstruct a hidden scene submerged in scattering media
using the virtual wavefront abstraction of Phasor Fields.

— In Chapter 5, we devise a novel physical setup consisting on multiple relay walls. Under Phasor
Fields, these relay walls are treated as a single optical system, as we prove. The outcome is an
increase in the hidden scene visibility, diminishing the effect of the missing cone [67].

e In Part II, our goal is to propose novel reconstruction algorithms, tailored for efficiency. We use
Phasor Fields again, but in this case we use it as a base for our novel approaches. Our proposals are
described in these chapters:

— Chapter 6 describes our novel algorithm, which offers a trade-off between memory consump-
tion and reconstruction quality. For that purpose, we simplify the light transport of efficient
Phasor Fields algorithms for parallel planes, allowing us to reduce up to 16 times the memory
consumption.

— In Chapter 7, we leverage the virtual phase of the Phasor Fields, which previous methods
discard, to devise an efficient algorithm for NLOS reconstruction. We report that our method
achieves up to micrometer-scale depth variations with the same time complexity as previous
works require for achieving centimeter-scale depth variations.

* Part III shifts to a general view of NLOS imaging, and focuses on providing a generalized formulation
and its capture part of the pipeline. This part consists of one chapter:

— Chapter 8 recompiles a collaborative work of this thesis, where we propose a novel cohesive
representation for NLOS. To that end, we leverage Dirac notation, setting some similarities
between NLOS and quantum mechanics.

— Chapter 9. Here, we factor in the notation from the previous chapter to define a precise model
of capture and computationally refine the NLOS signal. Consequently, we enable lower-end
devices, noisy scenarios, and desynchronized captures for NLOS imaging.

Besides this introduction, we also incorporate a review of previous works related to the thesis in
Chapter 2, which each chapter may expand for the specific topic treated there, and a short insight into
the mathematical concepts and notation treated in this thesis in Chapter 3. Finally, we also present our
conclusions and future work in Chapter 10.

While I am the leading author of most of the works presented in this thesis, they have been done in
collaboration with different colleagues. For the sake of readability and completeness, the full description
of the work is included in this document. At the beginning of each chapter, the works it refers to are
contextualized and, when needed, my contribution is explicitly described.



1.2 CONTRIBUTIONS AND MEASURABLE RESULTS.

1.2 CONTRIBUTIONS AND MEASURABLE RESULTS.
1.2.1 Publications.

This section details the publications that support this thesis’s contributions. In particular, this thesis has
led to three JCR publications, and two conference communications, that we order chronologically by
publication date:

e (Chapter 4,Part I) Non-Line-Of-Sight Imaging in the Presence of Scattering Media using Phasor
Fields.

— Pablo Luesia-Lahoz*, Miguel Crespo*, Adrian Jarabo, and Albert Redo-Sanchez.
— Published in Optics Letters in 2022.
— Impact factor of 3.6, SIR index: 0.971 (Q1). Data from 2024.

¢ (Chapter 6, Part II) Zone Plate Virtual Lenses for Memory-Constrained NLOS Imaging.
— Pablo Luesia-Lahoz, Diego Gutierrez, and Adolfo Muiioz.

— Published in IEEE International Conference on Acoustics, Speech and Signal Processing
(Proceedings of IEEE ICASSP 2023).

— iCORE B. Data from 2025.
* (Chapter 8, Part I1I) A Cohesive Framework for Non-Line-of-Sight Imaging based on Dirac Notation.
— Albert Redo-Sanchez, Pablo Luesia-Lahoz, Diego Gutierrez, and Adolfo Muiioz.

— Published in Optics Express in 2024.
— Impact factor of 3.3, SJR index: 0.930 (Q1). Data from 2024.
* (Chapter 7, Part IT) Zero-Phase Phasor Fields for Non-Line-of-Sight Imaging

— Pablo Luesia-Lahoz, Talha Sultan, Forrest B. Peterson, Andreas Velten, Diego Gutierrez, and
Adolfo Murioz.

— Published in IEEE International Conference on Computational Photography (Proceedings of
IEEE ICCP 2025).

— iCORE B. Data from 2025.

e (Chapter 5, Part I) Stereo Non-Line-of-Sight Imaging.
— Pablo Luesia-Lahoz, Sergio Cartiel, and Adolfo Murioz.

— Published in the Visual Computer in 2026.
— Impact factor of 2.9, SJR index: 0.637 (Q2). Data from 2024.

Besides, one work is currently under submission progress:

* (Chapter 9, Part IIT) Non-Line-of-Sight Imaging from Suboptimal Instrument Response.
— Pablo Luesia-Lahoz, Albert Redo-Sanchez, Diego Gutierrez, and Adolfo Muiioz.

— Under submission for revision to Optics Express.

1.2.2  Research Internship.

A research internship, for 3 months, has been carried out during this thesis:

* May 2024 - July 2024: Research stay at University of Wisconsin-Madison, Madison (Wisconsin,
USA). Supervisor: Prof. Andreas Velten. Project: Zero Phase Phasor Fields. As a result of this stay, a
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publication was presented at the International Conference of Computational Photography (ICCP)
2025.

1.2.3  Published Code.

During the development of this thesis, I have contributed to publishing the following code repository, which
is made publicly available for future research:

e y-tal: (Yours)-Transient Auxiliary Library. Toolkit for simulation and analysis of time-resolved light
transport captures. Contributors: Diego Royo, and Pablo Luesia-Lahoz.

— Available at https://github.com/diegoroyo/tal. Starred 28 times.
Besides, I have contributed to a lesser extent to the development of the following code repository:

* mitransient. Code for Non-line-of-sight transient rendering in Mitsuba 3 - Full implementation of
transient path tracing [95]. Authors: Diego Royo, Miguel Crespo, and Jorge Garcia-Pueyo.

- Additional contributors: Diego Bielsa, Pablo Luesia-Lahoz, Oscar Pueyo-Ciutad, Guillermo
Enguita-Lahoz, and "lyd405121" (https://github.com/lyd405121)

— Available at https://github.com/diegoroyo/mitransient. Starred 58 times.

1.2.4  Supervised Students.

During the development of this thesis, I have co-supervised the following students:
 Jul 2023. Ayush Gupta. Internship. Frequency Analysis of Information given Transient Signals.

 Jul 2023. Isaac Velasco. Internship. 3D optimizations for Non-Line-of-Sight Imaging with Multiple
Points of View.

e Sept. 2024. Jorge Solan Morote. Bachelor thesis (Trabajo Fin de Grado). Simulation of Ultra-Fast
Photon Capture Hardware in Light Transportation.Grade 9/10.

1.2.5 Miscellaneous: dissemination and reviewing.

During my PhD, I have been a reviewer for the following international journals:
* Optics Express
* Optics Letters
Also, I have collaborated in the following dissemination activities:
* Young Researchers Day edition XII (organized by I3A).
* European Researchers’ Night 2022, 2023, and 2025.
* Engineering and Architecture Week edition XV (organized by Universidad de Zaragoza).

* Presentation in situ of our work "Zero-Phase Phasor Fields for Non-Line-of-Sight imaging" in the
ICCP conference held in Vancouver in 2024.
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RELATED WORK.

In this chapter, we review the most relevant literature relevant to this thesis. First, Section 2.1 provides
a general introduction to previous work on transient imaging and its application in Non-Line-of-Sight
imaging, focusing on capture and reconstruction methods. Second, we focus on the state-of-the-art of the
Phasor Fields framework in Section 2.2, from which we build upon in Parts I and II. Additionally, each
chapter may incorporate a brief literature review specific to the work described there.

2.1 TRANSIENT NON-LINE-OF-SIGHT IMAGING.

Non-Line-of-Sight imaging aims to reconstruct scenes that are partially or fully occluded from the direct
line of sight, employing indirect illumination that reaches visible surfaces from the hidden scene. Within
NLOS imaging, a common division exists between passive and active methods. Passive methods employ
either existing illumination of the hidden scene in the form of ambient light, or light emitted by the
hidden objects themselves [5, 101, 58, 77]. These approaches are appealing because they do not require
specialized hardware for the illumination, yet they are generally limited by low signal-to-noise ratio.
Moreover, the lack of light modulation restricts the quality of their results. On the other hand, active NLOS
methods employ controlled illumination and then analyze the indirect reflectance of the hidden scene.
Transient NLOS imaging is a subcategory of active NLOS, which uses high temporal resolution hardware
to image the hidden scene using the time-of-flight of the light. We refer the interested reader to recent
surveys [76, 21, 30]. The content of this thesis lies in transient NLOS imaging category. We briefly discuss
literature related to transient captures and reconstruction for NLOS in the following.

2.1.1 Transient captures for Non-Line-of-Sight imaging.

Transient imaging aims to capture the light propagation in motion, capturing trillions of frames per second
using a combination of ultra-fast sensors, illumination devices, and computational tools [51]. Although the
term was coined with the work of Velten et al. in 2013 [116], one of the first methods to report capturing
the light propagation over time was achieved with interferometry in 1978 by Abramson [1]. This early
approach employed two short laser pulses, one travelling through the scene and one as a reference. When
recorded in a hologram, the pulses produce constructive interference, allowing to spatially differentiate the
light propagation over time in the scene.

Hardware has advanced since then, until Velten et al. directly record the temporal time stamp using
ultra-fast lasers and streak cameras [116]. One result of this capture can be seen in Figure 2.1. These
devices sacrifice one spatial dimension, which transforms into a temporal map of the incoming light,
achieving effective resolution of picoseconds. Soon this technology was used in NLOS imaging [36, 115].
Other alternatives employed photonic mixer devices, that, modulating continuous waves, offered a lower
budget solution at the cost of temporal resolution [40, 23]. When applied in NLOS, this temporal resolution
was sufficient for location, but not to achieve the geometry of the hidden scene [42].

The proposal to use single-photon avalanche diodes (SPAD) to capture the transient signal appeared
in 2015 [27]. These devices trigger an electron avalanche at a photon arrival, offering an alternative with
lower power of the illumination source while reducing the capture time. Shortly, these devices were applied
in NLOS scenes [28, 7]. SPADs application reports multiple achievements in the NLOS imaging field, such
as capturing NLOS scenes at kilometer distances [121], capturing complete scenes in real-time [81, 64],
and capture using of polarization for NLOS [89].
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Time

Figure 2.1: A transient imaging capture. A pulse of light enters from the bottom of the bottle (left), and we can see its
propagation to the cup of the bottle (right). The effective frame rate of this capture is trillions of frames per
second. Results adapted from Velten et al. work [116].

Recently, other strategies have emerged, which are named transient renderers [95, 50]. These works
simulate the light transport over time computationally. Consequently, these methods offer an agreement
between realism and controllability of a scene [78], without the requirement of precise calibration or
expensive hardware for its capture. Royo et al. proposed specific optimizations for rendering NLOS scenes
in a transient context [96]. This provides a powerful tool for prototyping and validating novel NLOS
approaches.

In this thesis, we rely on rendered NLOS scenes to validate our contributions, which appear across
all chapters. To ensure robustness, in Chapters 4, 5, 7 and 9, we also evaluate our methods on publicly
available datasets captured with SPAD sensors, which present more challenging conditions due to noise,
calibration errors, and electronic artifacts.

2.1.2  Reconstructions methods for Non-Line-of-Sight imaging.

The idea of using photons’ time of flight to image a hidden scene using a relay wall was originally
conceived by Kirmani et al. [55, 56]. This approach draws parallels between NLOS imaging and computed
tomography problems in medical imaging. As a result, one of the first high-quality 3D reconstructions of the
hidden scene employed filtered ellipsoidal back projection (FBP) [115]. This motivated later approaches,
which iteratively estimate and refine the reconstruction using error FBP [59], or Laplacian and Gaussian
FBP [61]. These methods are conceptually straightforward. Yet, they struggle with noise, limited sampling,
and complex light interactions [36].

Later, O’Toole et al. restricted the NLOS acquisition to confocal configurations [86], in which the
laser illumination and capture points coincide on the relay wall. This allows for simplifying the light
transport in the hidden scene, reformulating the NLOS problem as a linear inverse problem solvable with
deconvolution-based techniques. Yet, these techniques consume considerable temporal resources. Lindell
et al. addressed this limitation with their fk-migration approach [66]. They solved the problem in the
frequency domain, drawing inspiration from seismology, and using Stolt’s interpolation, achieving much
higher temporal efficiency at the cost of storing the whole capture in memory. These two approaches yield
high-quality reconstructions, although they degrade their performance on non-confocal configurations.

Other methods employ the Fermat path theory to estimate the geometry of an NLOS scene [124],
although they neglect the albedo information. Alternatively, some others employ a global inversion of the
transient light transport [41, 125] at the cost of higher computational cost. Inverse rendering techniques
have also being explored [48], with recent advances in differentiable rendering [127, 88]. The span of
data-driven methods has led numerous works to adopt neural network-based approaches that combine
simulation and real captures to reinterpret transient responses from hidden scenes [9, 10, 11, 49, 39, 126].

The Phasor Fields framework for NLOS was introduced in 2019 [69], which effectively poses the
relay wall as a virtual camera. This formulation has led to robust and efficient reconstruction methods. We
review the literature of Phasor Fields in greater detail in Section 2.2.

Throughout this thesis, we employ three reconstruction approaches from previous works: filtered
backprojection [115], fk-migration [66] and Phasor Fields [69]. In Figure 2.2 we show the results of
reconstructing with these three methods (figure adapted from Lindell et al. work [66]). Many of the
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(a) Hidden scene (b) Filtered backprojection. (c) Fk-migration. (d) Phasor Fields.

Figure 2.2: Results of the three reconstruction methods employed in this thesis. From left to right: conventional
picture of the hidden scene, reconstruction of filtered backprojection, reconstruction of fk-migration, and
reconstruction of Phasor Fields. Results adapted from Lindell et al. work [66].

contributions of this thesis build upon Phasor Fields, as we detail in Section 2.2, particluarly the Chapters 4
to 7. Additionally, we use filtered backprojection for comparison analysis in Chapters 5 and 9. Finally, in
Chapter 9 we employ all three approaches to illustrate the impact of our proposed formulation to enhance
capture, especially in the case of filtered backprojection, which is more sensitive to noise and capture
artifacts.

2.2 PHASOR FIELDS.

The Phasor Fields framework [69] formulates the NLOS imaging problem as a virfual wavefront propaga-
tion problem, interpreting the transient signal arriving at the relay wall as waves reaching on a wall-sized
aperture. In contrast to previous approaches that rely on ad hoc strategies to invert the light transport of
the hidden scene, Phasor Fields leverages well-known concepts from Fourier optics in the line-of-sight
domain to image the hidden scene [94, 92, 93, 110, 17, 19, 18, 107]. For this reason, Phasor Fields repre-
sents a milestone in NLOS imaging. Across this thesis, we build upon the Phasor Fields formulation for
experimental validation, and in Parts I and II we further explore its insights to establish our contributions.

2.2.1 Virtual wavefront abstraction.

Dove and Shapiro showed that, within the Phasor Fields framework, imaging the hidden scene is equivalent
to focusing using a Fresnel diffraction integral [17, 19] or a Rayleigh—-Sommerfeld diffraction (RSD)
integral [18]. Hence, this formulation establishes the relay wall as a virtual camera, enabling the migration
of concepts from line-of-sight imaging to NLOS imaging, such as resolution analysis [70]. Subsequent
works extended this formulation to account for more complex light interactions within the hidden scene.
Marco et al. demonstrated the differentiation of direct and indirect illumination in synthesized scenes
using light transport matrices [79], a result later corroborated in real-world scenarios by Sultan et al. [106].
Royo et al. further observed that the virtual wavefronts in Phasor Fields exhibit mirror-like behavior,
allowing imaging beyond the third bounce by exploiting fifth-bounce photons from the hidden scene [98].
Additionally, Phasor Fields has demonstrated notable flexibility and robustness with respect to relay-wall
geometry, mitigating the effects of dynamic surfaces that undergo motion during capture [60].

In this thesis, we draw motivation by the Phasor Fields robustness, and we adopt state-of-the-art
implementations in Part I. By modeling the hidden scene as a virtual wavefront propagation, we exploit
well-known wave optics phenomena to enable imaging through scattering media in Chapter 4, whereas
prior Phasor Fields and NLOS approaches assumed light propagation in vacuum. Furthermore, in Chapter 5
we build upon the concept of the relay wall as a virtual line-of-sight system to introduce stereo NLOS
imaging. In doing so, we demonstrate that the Phasor Fields formulation naturally supports the combination
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of multiple independent relay walls into a single optical system, whereas previous methods used planar
relay-walls, or required constraining assumptions to handle three-dimensional relay-wall geometries [34].

2.2.2  Phasor Fields efficiency.

In the original Phasor Fields work, the authors employed a temporal-domain integral equivalent to filtered
backprojection [115], requiring high &'(n°) complexity to image a hidden scene. Shortly after, more
efficient implementations emerged by exploiting the diffraction-like behavior of the RSD [68]. These
works proposed kernels for imaging planes parallel to the relay wall, enabling efficient convolution-based
implementations via spatial Fourier transforms, and reducing its complexity to & (n3 logn). This line of
research enabled NLOS imaging at up to five frames per second [81], combining specialized hardware
configurations with optimized computational pipelines to achieve low latency in meter-scale scenes. Jiang
et al. later showed that the computational cost of generating RSD kernels could be reduced by exploiting
their radial structure [52]. When combined with dedicated FPGA implementations, this approach enabled
reconstruction rates of up to 25 frames per second [64]. Extending these plane-based kernels, Gu et al.
proposed a formulation for non-planar relay walls using spatial 3D Fourier transforms [34].

In Part II, we further explore the virtual wavefront propagation paradigm of Phasor Fields and propose
two novel algorithmic solutions. In Chapter 6, we introduce a propagation method based on Fresnel zone
plates that enables a memory—quality trade-off for reconstruction, addressing a limitation of prior methods
that primarily focused on temporal efficiency. Additionally, drawing inspiration from interferometry, we
exploit the virtual phase of the propagated wavefront, discarded by previous approaches, to refine the
spatial positioning of the hidden scene without increasing reconstruction complexity in Chapter 7.
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BACKGROUND.

3.1 NON-LINE-OF-SIGHT IMAGING NOMENCLATURE.

NLOS imaging aims to reconstruct a hidden scene that is occluded from the direct line of sight. Researchers
exploit the indirect illumination to gain access to the hidden scene information, using an auxiliary surface
where the light reflects into and from, commonly named relay wall. As mentioned in Section 2.1 from
Chapter 2, this thesis falls into the category of active NLOS imaging, specifically transient NLOS imaging.
Therefore, as common to works in the field, we employ a pair of ultrafast devices: a short pulse emitter and
a transient sensor. Combined, both devices can record the light propagation multiplexed over time. Pointing
these devices to the relay wall, it is possible to obtain the transient indirect illumination of the hidden scene.
In this manner, the pulse emitter illuminates a set of points x; € L in the relay wall, from which light is
scattered into the hidden scene. This light interacts with the hidden scene, which scatter back to the relay
wall. The sensor, focused on a set of points X; € S, receives part of this light, capturing its time of flight,
which is a time-resolved signal.

NLOS imaging approaches assume that the temporal profile of the emitted light is a differential pulse,
a delta function in time & (xl,t). Thus, under this assumption, the recorded time-resolved signal represents
the impulse response of the hidden scene as a function of time as H (xl, xs,t). However, delta functions are
practically impossible to achieve in the real world in practice, primarily due excitation and decay time of
materials that emit photons. To minimize this effect, researchers employ sophisticated and expensive lasers
whose pulse widths are in the range of picoseconds.

Relay wall

Figure 3.1: Non-Line-of-Sight setup. A laser illuminates a set of points L in the relay wall with a short light pulse.
The relay wall scatters part of the light into the hidden scene, which consequently scatters part of this
illumination back to the relay wall. A sensor focused on a set of points S in the relay wall acquires the
temporal profile of light.

Figure 3.1 shows a common NLOS imaging setup. Usually, the acquired signal is shifted in time to
discard the time of flight of the light from the devices to the relay wall. Therefore, the set of points L
defines the illumination points, and S the capture points. Note this is a simplification.

The distribution of the illumination points X; € L and capture points X, € S in the relay wall defines
the capture configuration. In this thesis, we distribute the capture points S on a regular grid. Yet, depending
on the positioning of the illumination points with respect to this grid, we define different configurations
(also see Figure 3.2):

13
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* Confocal capture configuration refers to collocating sensor and illumination points (X; = X;). The
illumination point also acts as a capture point, allowing some reconstruction algorithms to exploit
simplification assumptions [86, 66].

* Non-confocal captures distribute the points x; € L and x; € S independently. In other words, the
captured signal of the scene may be the result of the illumination of any other point in the relay wall.
Inside the non-confocal configuration, we can also identify two sub-configurations:

— Exhaustive configuration, where x; € L are also distributed in a regular grid, independent of
the capture grid S.

— Single configuration consisting of a single illumination point {x;} = L, usually placed at the
center of the relay wall.

Confocal Non-confocal

X X X X XX XX X X X X
X X X X X X X X X XX
X X X X XX X X X X X X
X X X X X X X X X X X X

Exhaustive Single

Figure 3.2: NLOS capture configurations. Distribution of capture points (blue X) and illumination points (red dots).
Capture and illumination points that are not active at the capture are represented in gray. In the confocal
configuration, capture and illumination points are located in the same position. In non-confocal, capture
and illumination points are placed independently, allowing for exhaustive configurations (all capture points
can acquire hidden scene data illuminated from any of the illumination points) or single configurations
(there is only a single illumination point at the center of the relay wall).

In this thesis, we primarily employ the single configuration, that is non-confocal, in Chapters 4 to 6
and 9. Chapters 4, 7 and 9 also employ confocal configurations. Along with the results presented in each
chapter, we specify the configuration of the scenes.

3.2 THE PHASOR FIELDS FORMULATION.

A considerable contribution of this thesis builds upon the Phasor Fields formulation [69]. In this section,
we introduce Phasor Fields and its insights, and we define the notation used in subsequent chapters.

Like many previous approaches, Phasor Fields assumes that the emitted light from x; is a delta function
) (Xl,t). Note that, while we follow this assumption for Parts I and II, this introduces some limitations, that
we later addressed in Part III. In a convolution, a delta function acts as an identity operation. Therefore,
any function convolved with H(-,7) under this delta assumption results in a capture as if the scene were
virtually illuminated with such function. Thus, Liu et al. define an arbitrary input signal F,(t) as a virtual
illumination temporal profile to yield

P (X1,Xs,1) = Pyg(t) % H(X[,Xs,1), 3.1

being *, a convolution in time, and & (xl,xs,t) the captured signal as the hidden scene was virtually
illuminated with &, (t). Following the original work, we model the input signal as a Gaussian-envelope
wave pulse, with central wavelength lg, and a standard deviation ¢. Thus,

t2 .
Py(t) = pe 207 % TV0, (3.2)
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Real domain Computational domain

5(X1,t) H(XI,XS,I)

| ] *
<

(a) (b) (c)

Figure 3.3: Phasor Fields formulation overview. In an NLOS setup in the real world (a), a laser emits a delta pulse
to a point Xx; in the relay wall that illuminates the hidden scene. Then, an ultra-fast capture device (b)
focused at an area S in the relay wall acquires the impulse response H (x;,X;,) from the hidden scene. In
the computational domain (c), an input signal £ (x;,) serves as a virtual illumination of the hidden scene
when convolving with the impulse response H (). The outcome is a field of phasors 2 (x;,t) placed at the
area S of the relay wall. The field of phasors is equivalent to a planar wavefront, and thus it is possible to
use well-known Fourier optics to reconstruct a volume V, posing the relay wall as a virtual camera. Figure
adapted from Royo et al. 2023 [98].

— (=

being p a scale factor, Yy the defined phase at t = 0, ¢ the speed of light, and w, the central angular
frequency which is related to the wavelength such as A, = 27¢/ @,.

For the notation of this thesis, we define O(-, ) as a single component @ in the frequency-domain,
i.e. after a Fourier transform, from a time-domain signal O(-,7). Note then that & (x,,X;, ) is a phasor: a
single frequency component from the time-domain signal £ (x;,x;,t). Therefore, considering the whole
grid of x; € S in the relay wall behaves as a phasor field (i.e., a wavefront with frequency ®), which gives
the formulation its name. Equation (3.1) can be expressed for a specific frequency component @ as:

P (x1,%5, 0) = Py (0)H (%1, %5, 0) . (3.3)

In this computational domain, the authors interpret the phasor field formed by & (x/,Xg,®) as out-of-
focus illumination of the hidden scene. Hence, the original light distribution can be observed by bringing
that out-of-focus illumination into focus at each specific point. Under this premise, the authors can use
well-known operators from classic Fourier optics to model the propagation of the virtual wavefronts.
Therefore, the Phasor Fields framework poses the NLOS imaging problem as a virtual LOS problem,
virtually setting the relay wall as a virtual camera. We define our imaging operator ® to compute the
in-focus value of a point x,, € V of a reconstruction volume V as

[(x,,0) = g [xv,@(xs,xl,a))] ) (3.4)

assuming [ as the image formation function (in the Fourier domain), where & is a computational focusing
operator equivalent to the lens of a traditional camera. This permitted the authors to make the analogy of
the relay wall as a virtual camera, thus posing the NLOS problem as a virtual LOS one. Here, we employ
I(xy,1) to denote the temporal domain image formation, while 7(x,, @) is its Fourier-domain counterpart.

In their work, Liu et al. employ a function to propagate their virtual phasors as

R ei27‘cw\xa—xh|/c
R(X4Xp,0) = ——————— (3.5)
Xq —Xp|

15



3.2 THE PHASOR FIELDS FORMULATION.

/
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Hidden-scene picture NLOS reconstruction with Phasor Fields

Figure 3.4: Phasor Fields reconstruction. Right, a picture of the hidden scene from the relay wall as seen with a
traditional camera. Left, Phasor Fields reconstruction of the NLOS capture. Phasor Fields transforms
the NLOS capture into a virtual wavefront propagation problem, enabling Fourier-optics reconstructions.
Consequently, Phasor Fields can successfully reconstruct complex hidden scenes.

hence, they can model &, with a function that resembles the Rayleigh-Sommerfeld Diffraction (RSD)
integral:

CDg) [xv,ﬁ Xy, X7, 0 /R Xy, X[, © /R Xy, Xg, O (xl,xs, )dxdx, (3.6)

where ¢ is the speed of light and | - | is the Euclidean distance. The authors named the image formation
described by Equation (3.6) as confocal camera [69] (do not mistake with confocal configuration for
capture [86]), which we represent as @55 ) [-], and it is characterized for bringing into focus both illumination
and capture to a point X,,.

Employing Equation (3.6) for imaging formation, and applying an inverse Fourier transforms, allows
obtaining at time t = 0 the geometry at the exact moment it scatters the light. Alternatively, the authors
also present an alternative named transient camera. This other model omits the propagation from the laser
position, resulting in

q)g) [Xvu@ X, X7, /R Xy, Xg, (0 (XI,XS, )dxsdxl. (37)

This second model, when transformed into time domain, represents at + = O the moment the light scatters
from the relay wall, and I(x,,7) yields the light propagating at the point X,,.

In practice, the acquired signal at S is discrete over time, as points in S and L are discrete over space.
Hence, the computation of Equation (3.6) and Equation (3.7) results in summations instead of integrals
over the voxel grid V, yielding a complete 3D reconstruction.

This thesis makes use of Phasor Fields in a greater or lesser extent throughout all its chapters.
Understanding Parts I and II requires thoughtful knowledge of Phasor Fields: Chapters 4 and 5 use the
confocal camera of Phasor Fields for imaging. Chapter 4 focuses on turbid media, while Chapter 5 addresses
imaging using multiple relay walls. Chapter 6 adapt the transient camera to reduce the memory usage based
on Fresnel Zone Plates, and Chapter 7 builds upon the confocal camera and uses the virtual phase of Phasor
Fields to achieve micrometer depth variations. Additionally, in Part III we make use of Phasor Fields to
illustrate the Dirac notation cohesion to any imaging method, among others, in Chapters 8 and 9.
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Part I

TOWARDS GENERALIZED RECONSTRUCTION OF HIDDEN
SCENES.






PHASOR FIELDS IN THE PRESENCE OF SCATTERING MEDIA.

ABOUT THIS CHAPTER

In this work, we challenge a common assumption in NLOS imaging: light travels
in the vacuum. We submerge the hidden scene into dense scattering media, and
demonstrate that it is feasible to reconstruct it using Phasor Fields under its
assumption of virtual wavefront propagation.

This chapter corresponds to a work published at the Optics Letters [71].
As joined-first author, I contributed to the experimental validation, discussion,
writing, and revision of the manuscript.

P. Luesia, M. Crespo, A. Jarabo, & A. Redo-Sanchez
Non-line-of-sight imaging in the presence of scattering media using phasor fields
Optics Letters

4.1 INTRODUCTION.

Most of NLOS techniques assume that light travels in the vacuum with no scattering media and it is only
scattered by the relay wall. This assumption hinders the applicability of NLOS imaging to scenes in which
the presence of scattering media (e.g., smoke or fog) might be significant. Imaging through scattering
media is challenging even in LOS setups [90], where many techniques have been proposed such as optical
coherence tomography (OCT) [47, 85, 37, 31], diffuse optical tomography (DOT) [128, 83, 65, 75], time-
of-flight (ToF) measurements [43, 112], coherent light modulation using spatial light modulators [114], or
polarization [14, 22, 123].

Given the amount of incoherent light due to scattering, we cannot rely on traditional inversion methods
for NLOS imaging. Instead, we leverage recent advances on wave-based NLOS imaging, and in particular
on the Phasor Fields framework proposed by Liu and colleagues [69]. Phasor Fields enables creating virtual
light sources and sensors on the visible surfaces, resulting in robust reconstruction of multiple incoherent
scattered light sources [93, 17, 110] (more details in Section 2.2). In this chapter, we empirically analyze
the performance of Phasor Fields in NLOS scenes submerged in scattering media (Figure 4.1). We show
reconstructions of NLOS scenes submerged in scattering media of increasing density, showing that Phasor
Fields is capable of reconstructing scenes in very challenging visibility conditions using a single-frequency
laser grid for illumination projected on a single plane. We hope this work will expand the capability of
NLOS imaging to see through scattering media and foster new avenues of work in the NLOS imaging field.

While Phasor Fields have demonstrated very effective at reconstructing NLOS scenes in standard
ambient conditions, little has been investigated in relation to its performance in reconstructing scenes
submerged in scattering media, which results in more challenging visibility conditions for the experimental
equipment operating in the visible range. In the following, we analyze the performance of Phasor Fields
in scenes hidden behind a visible diffuser and submerged in scattering media of increasing density (see
Figure 4.1). In this setup, the diffuser, which transmits the light in and out of the scene, acts as the relay
wall, as opposed to a traditional NLOS setup in which the relay wall reflects the light into the scene,
generating a geometry for looking around corners. The setup can be considered as a LOS setup through
heterogeneous media in which the diffuser acts as an occluder of the scene.
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Figure 4.1: Scene setup. The scene is hidden behind a diffuser, with the scene being submerged in a scattering medium.

3.5m
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M

Figure 4.2: Simulated scenes. We use two simulated scenes: (Left) a single planar letter behind the diffuser (green),
and (Right) a closed room with a shelf (red) at the back.

4.2 EXPERIMENTAL DESIGN.

We perform our experiments using both simulated data and experimental data. The simulated scenes allow
controlling the properties of the scattering media, while the experimental data allows assessing the behavior
in real-world scenarios.

For simulation, we use two different scenes (Figure 4.2): A simple scene with a planar Z-letter located
at 2 meters away from the diffuser, and a complex scene containing a shelf located 1.8 meters away from
the diffuser and completely enclosed in a room (the diffuser is one of the walls of the room). Phasor Fields
requires a relay wall surface. The diffuser is a planar surface in both scenes that acts as the relay wall,
which also serves as boundary between the scattering media and the outside world. We avoid undesired
reflections, being the only mismatch between the Fresnel index at the relay wall. The Z-LETTER scene
allows studying how the medium affects the reconstructions. The SHELF scene is more challenging due to
feature occlusions and multi-path effects and it is useful to validate the results derived from the Z-LETTER
scene in more complex scenarios.

We characterize the scattering media by using their bulk optical parameters. In particular, we use
the extinction coefficient L, = U, + U [in m~1], and the scattering albedo o = s/ Uy [unitless], with
U, and p the absorption and scattering coefficients [in m~!], respectively. Intuitively, the extinction is
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related to the medium density and the albedo is related to the strength of the scattering. We model the
directionality of the scattering by using the Henyey-Greenstein [44] phase function, which models the
directionality using an anisotropy factor g € (—1,1), where g > 0, g = 0, and g < 0 for forward, isotropic,
and backward scattering, respectively. Unless stated otherwise, we assume an isotropic phase function
g = 0 and homogeneous media.

We use a publicly available transient renderer software [50] to compute the impulse response H (x, —
x., ) of the hidden scenes. We compute each impulse response for 1282 laser positions X, equally spaced
in a grid along the visible diffuser, and captured in a single SPAD point x.. The temporal resolution is
4096 bins, each with a temporal resolution of about 3 ps. We use the experimental data captured by
Lindell and Wetzstein [65], which corresponds to the impulse response of a scene behind a polyurethane
foam slab using lasers and SPAD sensors. They captured 32% equally-spaced positions X, using a confocal
configuration (X, = X,). The scenes are located behind a 2.54 cm thick slab that acts as both the diffuser
and a dense scattering media. The scene itself is not submerged in any scattering medium. The estimated
scattering properties values for the slab are 1, =~ 262.52 [m~!] and o ~ 0.99 [unitless].

4.3 RECONSTRUCTION.

We reconstruct a volumetric representation of the scenes by sequentially focusing the virtual imaging
system on each voxel. The voxelization resolution is 73 x 59 x 73 for the Z-LETTER scene, 1423 for the
SHELF scene, and 323 for all the CAPTURED scenes from Lindell and Wetzstein. We use the Matlab solver
provided by the authors [69]. On an Intel Xeon E5 with 256 GB RAM, reconstructions took between 5 to
254 seconds.

We employ the confocal camera model (Equation (3.6)) for our results. Following Liu et al. [69], we
set the Gaussian pulse (Equation (3.2)) with a central wavelength 7Lg =4 A, with A, being the distance
between sampled points on the relay wall. The pulse has a complete width of 44 in the simulated data, and
8A in the experimental data ( 0 = 44, /6 and A, = 81 /6 respectively). Similar to LOS Fourier optics, the
wavelength defines the maximum resolution of the reconstruction. Later, we analyze the effect of A, in
depth of the reconstructions. For visualization, we remove the contribution of the extinction of the medium
by filtering the final reconstruction in post-process. We exploit the spatial information of the voxels, as
well as the known properties of the medium, and apply the following scale factor K(x,) for each voxel

(1 - ae v xla)

K(x,) = (e PRl

, 4.1)

which depends on the bulk optical properties of the medium. We define this scaling factor as motivated
by the attenuation term of the radiative transfer equation. On a real-world scenario, the media properties
are usually unknown, but could be obtained from the measurements using inverse scattering [32].

4.4 ANALYSIS.

Figure 4.3b shows the results of Phasor Fields when reconstructing the Z-LETTER scene as a function of
different medium parameters (the extinction coefficient u;, and scattering albedo o). For low scattering
albedo, as the medium thickness increases, the amplitude of the signal is attenuated, although the coherence
remains and, hence, it is still possible to reconstruct a sharp image. In contrast, a higher scattering albedo
results into less coherence and, therefore, into the loss of high-frequency information.

Figure 4.3c shows the effect on the reconstructions of the phase function’s anisotropy. For forward
scattering, the phasor penetrates deeper into the medium, whereas backward scattering results into more
scattering near the virtual camera and, therefore, poorer visibility conditions.
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Now we analyze the effect of the phasor wavelength A, on the reconstruction depth. Figure 4.4
compares the reconstruction in a highly scattering medium (yu; = 1 m~!, o = 0.83) for increasing Ag. In
particular, we double and triple the optimal central wavelength defined by centrallambda = Ay = 4A...
This results into a resolution loss, visible as smoother reconstructions. However, we still can recover the
geometry hidden by the scattering medium.

We also analyze how our experiments extrapolate to scenes with significantly more complexity.
Figure 4.5 shows the NLOS reconstruction of the SHELF scene. The scene contains surface-to-surface
multi-path, and multiple scattering. This results in larger indirect contribution to the medium, thus resulting
in more challenging visibility conditions. As our results show, even for a relatively thick medium, we can
reconstruct the scene with good quality.

Finally, we analyze the performance of Phasor Fields on the confocal data captured by Lindell and
Wetzstein [65]. Similar to ours, their method is based on an inversion technique used for NLOS imaging
(fk migration [66]). The qualitative results shown in Figure 4.6 are on-par with Lindell and Wetzstein’s
method, without any modification of the Phasor Fields framework, demonstrating its flexibility even in
challenging conditions.

In conclusion, we have empirically analyzed the performance of Phasor Fields in the presence of
scattering media. We have leveraged the capability of Phasor Fields in transforming a NLOS problem into a
virtual LOS one, in which the scattering media acts as an additional occluder. Our empirical analysis shows
that it is feasible to reconstruct NLOS scenes in very challenging visibility conditions under a wide range
of media properties. Moreover, we have also shown that, by increasing the reconstruction wavelength, we
can partially remove the contribution of the medium at the cost of spatial resolution. However, our work is
limited by the same challenges present in LOS systems and, therefore, we can expect that off-the-shelf
Phasor Fields for very dense scattering media will not be optimal at reconstructing a hidden scene. However,
given the flexibility of Phasor Fields for developing virtual complex optical systems, a possible avenue of
work is to translate current LOS methods for vision through scattering media into Phasor Fields.
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Figure 4.3: Reconstructions of the Z-LETTER scene. 4.3a) scene with no scattering media. 4.3b) reconstructions with
scattering media of varying extinction g, (in m~!) and single scattering albedo . 4.3c) reconstructions
with scattering media of fixed extinction y; = 1 m~!, varying scattering albedo ¢, and phase function’s
anisotropy g. Phasor Fields is able to reconstruct the scene even in the presence of highly scattering media.
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Figure 4.4: Reconstructions of the Z-LETTER scene in the presence of a scattering medium (u; = 1m~! and ot = 0.83
) for increasing wavelength A,, with baseline Ay = 4A. and A, = 0.11m. Higher values of A, result into
deeper penetration through the medium, at the cost of lower spatial.

Increasing media density
No media =1

Figure 4.5: Reconstruction of the SHELF scene submerged in a medium of increasing density: t; = 0 (no media),
U =1, and i, = 1.5. In all cases, the scattering albedo is a = 0.5.

Scene

CDT

Ours

Figure 4.6: Reconstructions of experimental data. Each column is a different scene. Top: images of the scenes behind
the diffuser. Middle: Lindell and Wetzstein reconstructions [65] (CDT). Bottom: our reconstructions using
Phasor Fields. The higher-frequency of CDT is related to the deconvolution to compensate scattering at the
diffuser.
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STEREO NON-LINE-OF-SIGHT IMAGING.

ABOUT THIS CHAPTER

In this chapter, we propose a physical setup for NLOS imaging, that serves us
to enhance the visible features of the reconstructed scene. We show that we can
combine different relay walls at different positions and orientations into a single
generalized optical system, challenging the common assumption of planar relay
wall in NLOS.

The work presented in this chapter has been published at the The Visual
Computer [72]. As first author, I contributed to the theoretical formulation, method
development, experimental design, experimental validation, literature revision,
writing, manuscript revision and discussion.

P. Luesia-Lahoz, S. Cartiel, & A. Muifioz
Stereo non-line-of-sight imaging
The Visual Computer

5.1 INTRODUCTION.

Besides its promising results, Phasor Fields and other Non-Line-of-Sight imaging methods have limitations
regarding their ability to reconstruct surfaces at specific locations and orientations. The problem is ill-posed
and presents uncertainties and occlusions making state-of-the-art approaches unable to reconstruct specific
geometries in the scene, even if some signal is captured. This limitation is often called the missing-cone
problem and it is ubiquitous in NLOS measurements (we refer the interested reader to previous works [67]).

Following the analogy between the relay wall and a virtual camera, in this chapter, we explore the
possibility of using classical LOS techniques from computer vision to reconstruct the geometry of the
hidden scene. In particular, we analyze stereo vision. For that purpose, we devise scenes with not one,
but two relay walls, in which each of those walls acts as a virtual camera in the computational domain,
and apply a stereo-vision-based reconstruction technique (see Figure 5.1). We demonstrate that multiple
captures from different relay walls can be combined under Phasor Fields into a single and generalized
optical system. This approach leads to a better-posed NLOS problem, where we capture the light scattered
from one and reaching the other, besides their independent capture, which would be lost otherwise. As we
show, our approach not only retrieves geometry but is also able to enhance reconstruction positions and
orientations when compared to any of the individual relay walls, even in real-world captures.

Classical stereo-vision algorithms often require the identification of common feature points on both
views. However, the missing cone limits the visibility of the NLOS reconstructions, as it occurs for specific
positions and orientations of surfaces with respect to the relay wall [67]. Two different relay walls will
more likely have non-overlapping missing-cone regions because the same geometrical features of the
hidden object have different orientations with respect to each of the individual relay walls. We therefore
cannot leverage information about common features from both perspectives (as given by the two relay
walls) because the missing cone leads to finding very few of them in both virtual cameras.

In contrast, thanks to the knowledge about the missing cone, the fact that a particular surface is visible
from one of the relay walls is actually giving some cues about the orientation of such surface (otherwise it
would not be visible). We leverage these missing-cone orientation cues as a feature, instead of a limitation.
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Figure 5.1: We present a novel stereo configuration for non-line-of-sight imaging using the time of flight of the
light. Two relay walls illuminate and capture a hidden scene (a). The missing cone limits the visibility in
the independent reconstructions, regardless of the imaging method employed. Thus, we observe limited
visibility when applying the Phasor Fields framework in independent reconstructions (b). Our proposal
poses a combination of Phasor Fields virtual cameras of two views as a generalized single camera (c), and
we can employ the limited visibility to extract orientation cues of the hidden surface by color coding the
contribution from each wall. Moreover, our setup allows us to gain additional illumination and capture
signals between relay walls, increasing the reconstruction’s overall visibility (d).

We label the reconstructed surfaces according to their orientations, following such orientation cues, giving
a more detailed image of the reconstruction with additional orientation information.

Our approach combines different views into a single reconstruction, enhancing the visibility of the
reconstructed hidden scene and gaining orientation information of the surfaces, as our results show. We
employ the Phasor Fields framework to image the hidden scene under a novel setup consisting of different
apertures. We devise a combination method for multiple relay walls in contrast to the single aperture of
previous Phasor Fields applications. Hence, this work offers a step towards a generalized model of extended
non-planar apertures in the NLOS imaging scenario.

5.2 FROM NLOS TO LOS.

One of the most classical technologies in computer vision [108] is stereo vision, whose target consists of
mimicking human depth perception using dual vision. The first application of this technology in constructing
topographic elevation maps from aerial images [38] has evolved and is still in use to estimate depth or 3D
structure from a scene. Traditional techniques involve block matching and correlation-based to generate
disparity maps [103], that are more sensible to occlusions, regions without texture and efficiency [46], and,
nowadays approaches, exploit machine and deep learning [54].

We have already introduced the analogy of the relay wall from the NLOS domain to a virtual LOS
camera using Phasor Fields (see Section 3.2 in Chapter 3). Our work gets influenced by stereo vision from
computer vision to present a stereo setup of NLOS, saving some differences between the two domains later
explained in Section 5.4.

Similar to stereo vision, our setup allows us to obtain more information than two independent captures
on their own. Specifically, we are capable to obtain orientation information of the surfaces from the hidden
scene. Some researchers have indirectly tackled this problem in the NLOS domain, generating geometry
through inverse rendering [88, 48, 127] or retrieving an estimation of the normals in reconstruction
time [129]. In contrast, we directly target the orientations in NLOS imaging, making use of the missing
cone (see Section 5.3).
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5.3 VISIBILITY LIMITATION OF NLOS IMAGING.

In this section, we provide insights into limitations of NLOS methods, and, specifically, the missing cone.

The limited size of the relay wall leans to posing the NLOS imaging as an ill-posed problem. Only a
part of the scattered light from the hidden scene is captured, which causes certain features to be impossible
to image in the reconstructions, regardless of the imaging method employed [67]. This problem is present
in other imaging fields such as medical computed tomography which originally served as a baseline for
looking around corners with transient data [115], where it receives the name of the missing cone. In NLOS
imaging, the lack of modulation of the signal in the Fourier domain makes it impossible to reconstruct
those surfaces in the missing cone, even if some radiance reaches the relay wall. Under the Phasor Fields
scope, the missing cone has also been explored by analyzing near-specular paths of light on the hidden
scene [98].

In practice, due to the missing-cone problem, surfaces of the hidden scene can only be reconstructed
for a subset of positions and orientations with respect to the relay wall, which is a general limiting factor
for NLOS reconstructions. However, in this work, we factor in that subset of positions and orientations and
use them as additional orientation cues. We use such orientation cues to label the reconstructions of the
hidden scene, providing additional orientation information that resembles a normal map (see Section 5.5.1).

5.4 OUR METHOD.

Stereo in computer vision algorithms can recreate depth, transforming two different 2D views of the same
scene into a 3D representation using line-of-sight (LOS) captures. Inspired by the same idea, we aim to use
two different relay walls. Under Phasor Fields, these two walls can be seen as two cameras that provide
two views in the NLOS domain of the same scene. Figure 5.2 shows the outline of our setup. However,
there are two key differences between computer vision and NLOS imaging:

1. Our views consist of Phasor-Fields reconstructions, which already contain 3D information about the
scene. In contrast with classical LOS imaging, they may contain some errors such as out-of-focus
artifacts and limited visibility.

2. The missing-cone problem limits our feature visibility from the relay walls in the NLOS domain.
That prevents us from finding common feature points, which are crucial for most stereo-vision
techniques.

As classical stereo algorithms are not applicable in this NLOS virtual domain, we propose an alternative
approach to combine the contribution from different relay walls in the same reconstruction space. This
combination diminishes the lack-of-visibility effect from the missing cone on individual views if compared
to only using independent relay walls on their own. However, we also enable the acquisition of the hidden
scene’s impulse response by illuminating and capturing in different relay walls, thereby increasing the
recovered information.

The combined aperture resolution contrasts with the LOS multi-view approaches, from which we draw
inspiration, where detached aperture information is crucial for gaining geometrical reconstructions. In
this section, we prove that different reconstructions can be combined into a generalized single one, where
each relay wall exhibits different visibility constraints. That leads us to the following statement: the strict
constraints of visibility from the missing cone allow us to label surface orientations of the reconstructed
objects depending on the contribution from each relay wall. The missing cone transforms from a constraint
to a feature.
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Figure 5.2: Our Stereo setup. Our setup consists of two relay walls for illuminating and capturing in the real domain.
In the computational domain, our setup is equivalent to placing a camera on each relay wall. Our approach
allows us to combine both cameras as a single generalized one.

5.4.1 Combination of different Phasor-Fields views.

Under the scenario of K different relay walls (K = 2 in our experiments), we can define a general impulse
response H (X},x;,t), where x; € L’ and x| € Ss’. L and S’ represent all illumination and capture points of
all relay walls. This way we represent the entire impulse response illuminated and captured by our setup,
even from the illumination point of a relay wall m to a capture point in another one n.

By applying the virtual illumination of Phasor Fields (Equation (3.1)), and transforming it into the
frequency domain, we can define a general phasor 2 (x),X;,®). As a result, we can directly apply the
image formation for a single frequency, using Equation (3.6). However, since the acquired data is not
continuous and both the illumination and capture points are discrete due to the current capture technologies,
we represent Equation (3.6) integral as a summation as

ix)=1Y Y R(xy,X., ®)R(x,,X),0) P (x),X., ®), (5.1

xeL! x,e8’

to define the combined image formation / (xy, ®) into the point x, of all the relay wall.

Recalling Equation (3.3), we express Equation (5.1) as

Ix)=Y Y R(x.x,0)R(x,X,0) P (0)H(x],X,,0). (5.2)

x el xges’

(k)

In this chapter, we assume the capture points X} € S’ are grouped in grids x; ’ € Sy, for each relay wall
(k)

k, thus S; C §’. In contrast, there is only a single illumination point x,”’ € L’ at the center of each grid S;.
We define

A (50 59 1) = H(x? xM.0)8 (m — j)8(n k) 5-3)

as the contribution of our impulse response into pairs of grids S, and illumination points xl(m) of two relay
walls n and m respectively. Equation (5.3) allows us to identify two different cases: i) the illumination and
capture are both in the same relay wall (n = m), that we will refer to as independent illumination, and ii)

the illumination and capture are in different relay walls (n # m), which we name dependent illumination.

The summation of all pairs of illumination-grid H (i) (+) will result in the original generalized capture.
Therefore, factoring in Equation (5.3) in to Equation (5.2) yields
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fx)= ¥ 1m(x,),

I"(x) = Y ¥ RxX)R(x,x) P (x)AS (x],X,).

x e/ xeS’

(5.4)

Equation (5.4) poses how to combine different and independent relay walls into a generalized view
under Phasor Fields. We leverage the separated contribution by pairs of illumination-capture points in our
stereo context to define the image formation from two views as a summation of their reconstructions. Note
that we also gain the information of the dependent illumination captures, previously lost.

The direct calculation of Equation (5.4) may be expensive in time. Therefore, for efficiency’s sake, we
employ a Phasor Fields implementation optimized for reconstruction volumes formed by parallel planes
to the relay wall [68]. By leveraging the regular grid of the captures S; for each independent capture,
we define a reconstruction volume for each (") (xy, ®). Later, we project all the reconstruction planes
into a common area of matching points x, of the reconstruction volume V. As mismatches may occur in
the projection, we use a 3D cubic interpolation, whose values are later used for the final summation of
Equation (5.4).

The missing cone establishes a strict visibility condition, which implies that high values in [ (m.n) (xy, 0)
of the relay wall k correspond to the view of a feature from a surface of the hidden-scene oriented towards
that specific relay wall. Factoring the known information of orientation of the relay walls, and the missing
cone, the labeling allows us to extract orientation cues of the hidden scene as additional information. We
color-code the contribution for each relay wall as

I(xp0)=Y cm0fmn(x, o), (5.5)
mnekK
where (") corresponds to the chosen color for the illumination point xl(m) and capture grid S,,. As
Section Section 5.5.1 shows, this coding provides clear hints about hidden surfaces’ orientation.

5.5 RESULTS.

Our experimental validation demands precise control of the position and rotation of the hidden objects,
sensors, illumination, and relay walls. Therefore, we opt to synthesize the transient data required to validate
our proposal, as it provides sufficient flexibility in managing and controlling the scene, while maintaining
the quality and realism to validate our proposal. Previous work [78] has already shown that there is a
good agreement between real captures and time-resolved light transport simulations. Specifically, we use
a transient renderer optimized for the NLOS configuration [96] to generate the time-resolved responses.
The only exception is the experiment represented in Figure 5.5, which has been generated from measured
transient data.

The use of synthetic data enables us to evaluate performance using quantitative metrics derived from the
ground truth. Specifically, we report the Peak Signal-to-Noise Ratio (PSNR) and the Structural Similarity
Index Measure (SSIM) for our synthesized results. PSNR is computed on the reconstructed volume after
removing values close to zero in both the ground truth and the reconstruction. SSIM is calculated on the
projected 2D images presented in this paper.

To simulate our setup, we place two relay walls, one adjacent to the other, at a particular angle (90° in
our experiments unless specified otherwise). Each relay wall has a size of 2 x 2 meters, with 256 x 256
capture points distributed in a regular grid, and a single illumination point at the center.
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Figure 5.3: Reconstructions of two views with independent illumination. From top to bottom: the hidden geometry,
the reconstruction with filtered backprojection (FBP), the reconstruction from two views according to
Equation (5.4), and the reconstruction color-coded from each relay wall (Equation (5.5)) in blue and green.
Our combination improves the visual recognition of the hidden geometries when using two independent
illuminations, i.e., illuminating and capturing on each relay wall independently. Furthermore, by simply
color-coding by contribution, we can identify the surfaces by their orientation.

5.5.1 Stereo combination experiments.

Section 5.4.1 demonstrates that, under Phasor Fields, we can sum independent reconstructions into a
common volume, and this combination behaves as a single optical system. This mathematical analysis
stands for backprojection [115], which is a linear aggregation model. In their original work, Velten et
al. filtered the reconstruction by applying a Laplacian filter to increase the visibility of the hidden-scene
features, resulting in filtered backprojection (FBP). In this section, we present the FBP approach for
experimental validation. We apply the Laplacian filter independently, following the original work, and
combine the views as discussed in Section 5.4.1. We do not provide a mathematical model that proves that
this approach can generalize to multiple views, nor devise a specific filter that would work after combining
multiple views, both of which would be interesting avenues for future work.

We reconstruct four hidden scenes with our combination method: a cube, a chair, an R letter with
volume, and the Stanford bunny. We show the results of using only the dependent illumination in Figure 5.3,
and they support our claims for Phasor Fields and FBP. Part of the surfaces that are not visible due to the
missing cone from one aperture are visible from the other. The outcome is that, at the combination (second
and third rows of Figure 5.3), the reconstruction increases the overall visibility if compared with any of the
individual apertures. Consequently, it is more intuitive to understand the geometry of the hidden object.
The bunny is a particularly challenging case due to the number of surfaces in the missing cone of both
apertures. Yet, it is possible to identify the general shape of the bunny, with the face and body, even with
missing information (e.g., the bunny ears).
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The fourth row of Figure 5.3 shows the result colored depending on the contribution from each relay
wall. We can observe that, by simply color-coding the image, we obtain similarities with a normal map.
Furthermore, we observe that this matches the orientations of the visible surfaces from the meshes. This is
consistent with our key observation of using the missing cone as a feature, which allows us to label the
orientation of a surface knowing the contribution and orientation of the relay wall that reconstructs it.

The aggregation of the independent reconstructions into the common projection volume is a linear
function that incorporates a temporal overhead of & (n?), where 7 is the lateral size of the reconstruction
volume. Thus, the complete temporal analysis for reconstructing yields &' (k(h+ n*)), being k the number
of relay walls, and /4 the reconstruction time for each independent reconstruction. Existing efficient
implementations of Phasor Fields for parallel planes report 4 = n? logn, whereas for FBP this is & = n°.
For Figure 5.3, the Phasor Fields approach takes on average 104 s per reconstruction, while FBP takes
156788 s.
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Figure 5.4: Visibility under multi-path interference: From left to right: reducing the rotation of a secondary wall to
the relay wall. Top: reconstruction front view. Bottom: schematic top view. The secondary wall adds some
background radiance due to multi-path interference when reducing its rotation. Even so, the reconstruction
is sharp and clear in all cases, and the noise is negligible compared to the signal.

The incorporation of distinct multiple walls also produces multi-path interference in the areas near the
corner. Light scatters between the walls as with the hidden scene, and this radiance is all captured at the
relay walls. Intuitively, this leads to a degradation in the visibility features of the reconstruction as new
uncertainties in the signal appear. Yet, our Phasor Fields reconstructions only bring into focus the third
bounce of the light (see Section 2.2). The influence from the secondary wall belongs to the relay wall’s
missing cone. Thus, the reconstruction does not show any feature or artifact corresponding to this effect,
but a low-frequency noise in the background, corresponding to the energy leakage at shorter angles. We
show this effect in Figure 5.4, where we simulated a single reconstruction scenario (with one relay wall)
with a cube as a hidden scene, and a secondary wall at different rotations to the relay wall. In all the cases,
the cube features are clear and sharp, and the background noise is negligible compared to them.

5.5.2 Combination of captured results.

Our generalized camera model from Equation (5.4) supports any relay wall configuration, regardless of
rotation or position. So far, we only considered scenarios where both views are simultaneously present
at the moment of capture. However, as stated before, the contribution to the reconstruction of multi-path
interference is a minor background noise. Consequently, we can establish an equivalent setup using a single
physical relay wall, which, under rotation and displacement between captures, acts as two views of the
same hidden scene with independent illumination and without multi-path interference.

In Figure 5.5, we present both the independent and combined reconstruction results of a patch rotated
and displaced between the two real captures. By estimating the relative transformations of the relay wall
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Figure 5.5: Real capture combinations. We frame a rotated and translated relay wall with respect to the scene as an
equivalence to our approach. We use different independent illumination captures to increase the visible

surfaces of a real captured patch, increasing the identifiable boundaries at our combination.

with respect to the hidden scene, we set this as a well-suited problem for our approach. As a result, our
stereo approach gains complementary visible features from both relay walls, compensating from one view
the missing cone of the other. Hence, the patch boundaries become more identifiable in the combination,
whereas they are not in their individual reconstructions.

5.5.3 Analysis on the relay walls contributions.

Although our approach with independent illumination enhances the visibility of the hidden scene, certain
features are not visible in the reconstruction. Yet, our approach enables us to capture the dependent
illumination between relay walls, otherwise lost, that we leverage as additional captures from the hidden
scene.

In Figure 5.6, we evaluate the impact of dependent illumination in our combination method with the
bunny, where features are hidden in our previous experiments, e.g., the ear, the face, and the paws. Using
two relay walls with a rotation of 120°, surfaces that remain hidden from both views under independent
illumination (first column) become visible with the dependent illumination (second and third columns).
Our approach using Equation (5.4) supports the combination of all views (fourth column) to significantly
enhance overall visibility when compared to using only independent illumination. The SSIM and PSNR
metrics support these claims, achieving maximum value at all views combination. Additionally, these new
dependent illumination views can also be color-coded, which provides additional orientation hints.

In Figure 5.7, we vary the rotation angle between the two relay walls to analyze the performance of
our combined reconstruction method. The rotation angle influences the contribution of each illumination-
capture pair. The overall reconstruction (second row) remains qualitatively similar for all the experiments.
Yet, we observe a shift in the separated contributions in the color-coded (third row). Note that the variation
from yellow dominant in the experiment of 165°, to pink dominant in the 90° experiment, indicates a
variation in the dependent illumination. The causes are the visibility change of the features in the hidden
scene, and distance attenuation from the relay wall to the geometry. This variation directly impacts the
SSIM and PSF of the final reconstruction. The 120° experiment achieves the best metrics because the bunny
is aligned with the bisector of this angle. For the analysis on the Phasor Fields behavior under different
aperture sizes, we refer the interested reader to previous work [35].
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Reconstruction Lightning
configuration

Color-coded

Figure 5.6: Bunny scene reconstructions under dependent and independent illumination. Simulated bunny scene
with two relay walls forming 120° between them. From left to right: reconstruction using only independent
illumination, reconstruction capturing at the first relay wall using both illuminations, reconstruction
capturing at the second relay wall using both illuminations, and reconstruction using all captures and
illuminations. In the color-coded (second row), we show the contribution to the visibility from each pair
of illumination-capture. Our approach enables us to capture the dependent illumination of one relay wall
reaching the other, otherwise lost, and to increase the overall visibility of the hidden scene.

5.6 DISCUSSION.

Drawing inspiration from the stereo vision technology from computer vision, we introduce a novel
configuration consisting of two walls acting as apertures in the NLOS computational domain. This dual-
aperture setup increases the amount of captured light reflected on the hidden scene if compared with any of
the individual virtual apertures.

Our proposal does come with some limitations, as capturing and processing the additional independent
and dependent views requires more acquisition and computational time respectively. Nonetheless, our
results demonstrate that our approach can be applied in similar real-world scenarios. Moreover, exploring
the interactions between non-independent views increases the overall visibility, effectively quadrupling the
available views with two relay walls and making the NLOS imaging problem less ill-posed.

As the missing-cone problem generally limits the reconstruction to planar surfaces parallel to the relay
wall, current real captures consist of hidden scenes whose elements are mainly planar and lack volume.
Our method, being based on multiple relay walls, enables the possibility of obtaining some volume in the
hidden scene, with the additional benefit of providing color-coded surface orientations.

Our experiments support our claims. The increased number of apertures helps to retrieve more
information from the hidden scene. The direct effect is the decrease in the missing-cone effect and the
emergence of more visible features in the reconstruction. We manage to recover further information by
exploiting the missing cone to recover surface orientations from the hidden scene. In the future, researchers
may delve into sophisticated geometry reconstruction algorithms that benefit from these orientation cues
and overcome some current parameterizations of the NLOS imaging methods, i.e., the volume voxelization.

The previous statements come along with several applications for our setup. In the short term, the
independence between relay walls enables the use of different devices for capturing. This implies that
our approach is highly parallelizable by relay walls, even in concurrent and distributed systems. Further
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SSIM: 0.336 SSIM: 0.343 SSIM: 0.347 SSIM: 0.365 SSIM: 0.361 SSIM: 0.345
PSNR: 5.019 PSNR: 5.423 PSNR: 6.031 PSNR: 7.039 PSNR: 5.069 PSNR: 3.012
Figure 5.7: Bunny scene reconstruction under varying relay wall angles. Simulated bunny scene with two relay
walls forming different angles between them. (Middle row) The reconstructed scene geometry using the
combined illumination and capture data from both RWs. (Bottom row) A color-coded visualization showing
the contribution to the final reconstruction from each illumination-capture pair (colors correspond to the
scheme in Figure 5.0).

optimizations for Phasor Fields could be applied, e.g., parallelizing by planes, frequencies, or voxels. Other
researchers’ endeavors, such as the utilization of Phasor Fields with non-planar surfaces [34], complement
our work, and together they serve as a step towards completely generalized apertures with arbitrary
geometries, which are closer with respect to real-world scenarios, e.g., medical imaging, underground
exploration, and car safety. On top of that, there is potential for foster avenues to expand upon our efforts
to integrate multiple different apertures as a single composited one to form an extended aperture paradigm.
If we take a look at recent advances in the NLOS domain to image beyond the third bounce [98], recursive
imaging to see around many corners with the extended aperture paradigm may obtain astonishing results in
the NLOS imaging scope.

In conclusion, we have applied a well-known technology, such as stereo vision, in the NLOS imaging
scope. The Phasor Fields framework pursues an assumption of a classic optics system, and now our work
helps to reduce the gap between more traditional optics and NLOS imaging. In the following chapter we
delve further into this idea, which allows us to employ LOS lenses into the NLOS scope for imaging with
memory constrained devices.
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HIDDEN SCENE.






FRESNEL ZONE PLATES FOR MEMORY CONSTRAINED NLOS
IMAGING.

ABOUT THIS CHAPTER

In this chapter, we propose an algorithmic proposal that offers a trade-off between
memory consumption and reconstruction quality in NLOS imaging. For that
purpose, we simplify the light propagation at reconstructions, drawing inspiration
from Fresnel-Zone Plates and the line-of-sight analogies from Phasor Fields.

This chapter corresponds to a work presented in the 2023 IEEE International
Conference on Acoustics, Speech and Signal Processing (ICASSP), and it can
be found in its proceedings [73]. As first author, I contributed to the theoretical
formulation, method development, experimental design, experimental validation
of the method, literature revision, writing and discussion.

P. Luesia-Lahoz, D. Gutierrez, & A. Muiioz
Zone Plate Virtual Lenses for Memory-Constrained NLOS Imaging
2023 IEEE International Conference on Acoustics, Speech and Signal Processing (ICASSP)

6.1 INTRODUCTION.

As we mention in Section 3.2 of Chapter 3, Phasor Fields is a wave-based method that generalized
NLOS imaging by treating the relay surface as a virtual lens, effectively transforming an NLOS problem
into a computational representation of a traditional line-of-sight (LOS) system [69]. Current efficient
implementations of this technique rely on RSD-based kernels to simulate this propagation with 2D
convolutions [68] (see Section 2.2 of Chapter 2). These kernels depend on the parameters of the imaging
setup, but not on the transient data (the hidden scene) itself. In other words, it makes sense to pre-
compute the kernels for a given imaging setup, even if the objects to be imaged around the corner change.
Unfortunately, the required memory to store the kernels scales with the number of Fourier components
used for propagation, the resolution of the data, and the reconstruction size. For instance, a 256> sampling
grid at the relay wall using a single illumination point, with a 256% voxel grid for reconstruction and 80
Fourier components in the phasor field requires more than 80 GB of memory. And even in the case of less
complex reconstructions with a single Fourier component, the kernel still needs around 1 GB of storage.
This impractical memory consumption is due to the complex values that the RSD kernel requires, which
increase storage compared to floating precision or integers values.

To overcome this problem, we investigate the use of alternative lenses in the virtual camera of Phasor
Fields approach, to perform the propagation of the light wave. We specifically propose the use of zone
plates (ZP) as virtual lenses, which use diffraction instead of refraction to bring a wavefront into focus [119].
The simplicity of manufacturing these lenses has made them very useful in coherent light scenarios, such
as microscopic analysis with x-rays [3]. In our virtual light transport domain, this translates into simpler
implementations with binary values, which require orders of magnitude less memory to store.

Our binary zone plate requires up to 16 times less memory than the RSD-based kernels while being
also faster to compute. Our results show that the reconstructions using our ZP kernels provide an attractive
trade-off between efficiency and accuracy, being a valid approximation for the exact wave diffraction of
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Figure 6.1: The NLOS setup. A paired system of pulsed light and SPAD (single-photon avalanche diode) illuminate
and capture a relay surface, to obtain the time-of-flight of the light scattered from an occluded hidden scene.
In this chapter, we explore the idea of using virtual lenses based on zone plates to reconstruct the hidden
geometry.

the RSD at a much smaller cost. Our approach represents a step forward toward the integration of NLOS
imaging systems in embedded and small devices, e.g. in car driving systems or medical imaging.

6.2 ZONE PLATES.

A zone plate is a planar lens for spherical wavefronts. It is made up of concentric rings that focus light onto
a focal point situated in a perpendicular direction from the center of the lens at a distance f, depending
on the wavelength. Instead of refraction, the lens structure forces the incoming wavefront to diffract and
generate the Arago spot on the focal point. Figure 6.1 shows an illustrative example, where the ZP acts as a
virtual lens on the relay surface.

Given a specific focus distance f and wavelength A, we determine a value . (-) for a point x; € Z,
where Z represents the virtual lens, as

%(Xz,l,f)Z%(\/r%ﬁfz—f), (6.1)

where ry, is the distance of x; to the center of the lens Z. The traditional Fresnel zone plate (FZP) is made
up of alternating opaque and transparent rings, as

FZP(x;, A, f) = M (x;, A, f) mod 2. (6.2)

The opaque rings of the FZP absorb part of the contribution from the incoming wavefront. A simple
solution for increasing the energy that arrives at the focal point is to transform the opaque rings from the
FZP into phase-shifting rings. The so-called phase Fresnel zone plate, or binary zone plate (bZP) shares the
ring structure with the FZP. For the transparent rings, the value is 1 in both lenses, while the opaque rings
with a value of 0 are set to -1 in the phase-shifting rings. So, a bZP is given by
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bZP(x;, A, f) =2 (M (X, A, f) mod2) —1. (6.3)

6.3 OUR METHOD.

As Phasor Fields set the reconstruction as a lens focusing equivalence (Equation (3.4) from Chapter 3), we
modify its imaging pipeline substituting the virtual lens with a bZP to reduce the memory consumption. For
that purpose, we leverage implementations of Phasor Fields highly optimized for parallel reconstruction
planes p, € V and equally spaced sensor grids x; € S [68]. The propagation of the transient camera
(Equation (3.7) of Chapter 3) from S only differs in the z axis for each of the reconstruction planes p,. By
assuming Cartesian coordinates of X, = (x,,¥y,2y) and X; = (x;,y5,0), where x,, € p,, we define a RSD
kernel as
e~ i0V/ (FHyi+zd) /e

Ao 0) = =gy 4

and thus, the propagation of a wave to a plane p,, at distance z, from S is
¢£(t)) (pV’ a)) = '@(-x.ﬁysaO’ w) * %(XS,YS»ZV, a)), (6'5)

where * represents a 2D spatial convolution, which can be efficiently computed with a 2D Fourier transform.

The image formation for the reconstruction as given in Equation (3.4) poses the propagation from
the plane S to the volume V as a LOS problem, transforming the relay surface into a virtual camera that
focuses using the exact diffraction propagation of Equation (3.6). Simulating the effect of changing the
lens of a physical camera device, our proposal involves replacing the RSD kernel from Equation (6.5) with
a bZP-based kernel in order to estimate the propagation of the wavefront into the scene through software.
Assuming Cartesian coordinates x; = (x;,y;,0) and x, = X;, we can use the Equation (6.3) definition to
generate our bZP kernel as

O [prr P (%0:X1, ©)] = P(x0,75,0,©) % bZP(x0,y5,0, 0,2,), (6.6)

where ©(p,, ®) (/) is our novel image formation model for the plane p,.

While the RSD kernel values are complex numbers, our bZP kernel values cover only two integers
(—1 and 1), which can be represented as a single signed byte without any precision loss. At the complete
kernel size scale, the proportion of memory requirements is kept for the same number of values between
the kernels, representing 16 times less memory for our complete bZP kernel storage.

6.4 RESULTS.

We have synthesized data to analyze the reconstructions using our bZP virtual lens, and to compare with
the RSD propagation as ground truth. The synthesized data provides us flexibility while presenting a good
agreement with the real captured data [78]. By using a transient renderer optimized for NLOS [96], we
have generated four different scenes, with a common setup of an equally spaced sensor grid S of 2x2 m,
with 2567 points x, € S in the relay surface, and a single illumination point L = x; at the center of the grid.
The hidden scenes consist of four different geometries: a letter R, the four letters of NLOS at different
distances, focusing on each one in sequence, a cube rotated 15°, and an office chair. We have used a single
frequency propagation of wavelength A = 4Ax;, where Ax; is the minimum distance between samples
in S, to reconstruct a 256° volume V. We have also trimmed an RSD kernel to provide fair comparisons,
matching its memory storage to our bZP kernel.

Figure 6.2 (first three lines) shows the results for the plane of focus of the hidden geometries comparing
the exact RSD solution (1GB of memory), the equal-memory trimmed RSD version, and our proposed
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Trimmed RSD
(64 MB) Our bZP (64 MB)  sZP (512 MB)
R 1817.58 1248.21 1045.09
NLOS letters 2851.79 679.97 755.59
focus N
NLOS letters 3111.89 484.46 554.07
focus L
NLOS letters 2907.99 448.92 477.37
focus O
NLOS letters 3184.99 469.38 525.62
focus S
15° rotated 2491.67 1242.42 1174.90
cube
Office chair 1584.89 327.88 27148

Table 6.1: RMSE of the reconstructions using different kernels relative to the RSD kernel of 1 GB reconstruction as
ground truth. Our bZP kernel obtains better metrics than the trimmed RSD kernel of same memory in all the
experiments. Note that, while obtaining similar values of the metric between our bZP and the sZP kernels,
ours require 8§ times less memory.

bZP virtual lens (the last two needing only 64MB of memory). Compared to the exact diffractive wave
propagation of the RSD kernels, focusing with our bZP kernel allows imaging the hidden scene at the cost
of introducing noise in the empty areas. Despite this noise, the geometry of the hidden objects is clearly
identifiable, with sharp edges. Note that we have not filtered the noise to better illustrate the outcome of
our method; this kind of filtering is common even in well-established techniques like backprojection, and
could be applied to our results as well. In contrast, the equal-memory trimmed RSD kernel reconstruction
fails to properly reconstruct the hidden geometry, generating unfocused surface artifacts due to the smaller
aperture used for the wave propagation. The assumption is supported by the numerical comparison of the
Root Mean Square Error (RMSE) values presented in the two first rows of Table 6.1: the reconstructions of
our bZP kernels obtain lower values in all the scenes compared with the trimmed RSD.

Additionally, since the bZP introduces abrupt discontinuities whereas a wavefront presents a smooth
phase evolution, we also show the results of a continuous sinusoidal zone plate (sZP) for completeness
purposes, defined as

SZP (X, A, f) = cos (wd (x;, A, f)), (6.7)

following the notation for Equation (6.7). Equivalent to our Equation (6.6) bZP kernel, the new sZP kernel

would result into the image formation model <I>g7 ) [Py, P (x5.x1, )] as

(I)El[;) [pV"@(XSsXZ’w)} = f@(xs» w)*SZP(Xs,ys,O, w,Zv)- (6.8)

As the fourth line in Figure 6.2 shows, the results do not improve our bZP lens. Furthermore, Table 6.1
present a comparison for the two lenses metrics (second and third rows) with polarized results. Moreover,
the sZP continuous kernel values now span the real range [—1..1], which requires float-precision values.
Thus, its memory requirements discourage the use of the sZP as an attractive alternative to our proposed
bZP.

The propagation of all the kernels requires similar computational time, since its implementation is the
same convolution in the 2D Fourier space. In terms of kernel generation, our bZP is somewhat faster; the
exact RSD kernel takes 3.5 s, while our bZP kernel only needs 1 s. For the sZP kernel, the time is increased
to 1.4 s. The trimmed RSD kernel only takes 0.2 s, but at the cost of not being able to image the hidden
scene. All these times have been obtained in a single thread of a 17-11700KF (3.6 GHz) processor, with 32
GB of RAM.
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6.5 DISCUSSION.

The Phasor Fields framework allows to theoretically transform the relay wall into a virtual lens, thus making
a NLOS problem into a LOS one. This in turn allows researchers to exploit the wealth of knowledge of
Fourier optics to come up with variations of the basic framework. In this work, we have tackled the problem
of memory consumption when using RSD-based kernels to propagate light with convolutions.

Our proposal overcomes these memory consumption problems by introducing zone plates as virtual
lenses. As we have shown, this offers an attractive trade-off between quality and needed resources, making
it a viable option for small and portable devices with strong memory constraints, such as embedded and
small devices integrated in car navigation systems, or medical exploration devices.

There are still many interesting avenues of research. Some other diffraction operators, lenses or kernels
could be adapted to the virtual camera system to improve the reconstructions in terms of time, memory or
quality. Future work could try these new operators, for example for non-parallel volume reconstructions.
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RSD - Ground truth  Trimmed RSD bZP - Ours sZP - Ours
(64 MB) (64 MB) (512 MB)

Cube rotated 15° NLOS focus S NLOS focus O NLOS focus L NLOS focus N

Office chair

Figure 6.2: Reconstructions of the synthesized hidden scenes using different kernels. From top to bottom: the exact
RSD kernel (1GB), a trimmed RSD kernel (64MB), our bZP kernel (64 MB), and a sZP kernel (512 MB).
The trimmed RSD kernel fails to properly reconstruct the hidden geometry, and the sZP kernels do not
improve the reconstructions of the bZP, at the cost of expensive memory consumption. In contrast, our bZP
kernel allows to image the hidden scene, with clearly identifiable geometry and sharp edges, despite the
residual noise in empty areas, presenting an attractive memory trade-off compared with the RSD.
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ZERO-PHASE PHASOR FIELDS FOR NLOS.

ABOUT THIS CHAPTER

In this chapter, we present a novel approach for NLOS imaging, which can
achieve micrometer-scale depth variations, in the time complexity that previous
methods achieve centimeter-scale depth variations. For that purpose, we build on
top of Phasor Fields, employing the virtual phase that previous methods discard,
achieving higher precision than the voxelization employed.

The work described in this chapter has been presented orally and in poster in
the 2025 IEEE International Conference on Computational Photography, and it
is published in the 2025 ICCP proceedings [74]. This work has been conducted
in collaboration with the Computational Optics Group from the University of
Wisconsin-Madison, where I did a three-month internship. As first author, I
contributed to the development, experimental design, experimental validation,
theoretical formulation, literature revision, writing, manuscript revision, and
discussion.

P. Luesia-Lahoz, T. Sultan, F. B. Peterson, A. Velten, D. Gutierrez, & A. Muiioz
Zero-Phase Phasor Fields for Non-Line-of-Sight Imaging
2025 IEEE International Conference on Computational Photography (ICCP)

7.1 INTRODUCTION.

NLOS imaging algorithms usually reconstruct a pre-defined three-dimensional volume to search for hidden
geometry. This volume is often expressed as a 3D point grid, which is equivalent to a regular set of 2D
planes parallel to the relay wall. The reconstructed points with the highest values mark the approximate
location of a scattering surface (hidden scene geometry). Higher precision is achieved by increasing
resolution, either within all planes (horizontal and vertical resolution) or with the number of planes (depth
resolution), at the cost of prohibitively increasing both memory usage and execution time.

Phasor Fields (PF) only employs the amplitude of the virtually-propagated wave for the reconstruction
value, while phase information is usually discarded. We introduce a novel method that leverages the
virtual phase information of PF to interpolate between different reconstruction points. Thanks to the virtual
wavefront propagation analogy (PF), we can utilize insights from imaging interferometry [13, 29, 6]. The
key insight is that the phase of a propagated wavefront gives precise cues about the hidden surface position,
even if computed at some distance from the true surface. This allows us to do coarser reconstructions,
with a lower resolution in depth by using fewer planes, and then leverage phase information to correct the
hidden surface positions according to it.

We make the key observation that we can control the virtual phase of the reconstructions at the
hidden scene positions, which we set to zero, enabling us to perform the correction of the hidden surface
locations by finding the nearest zero crossing in the phase information. For this reason, we name our
method Zero-Phase Phasor Fields (ZPPF). In a first step, we apply standard PF with a low depth resolution.
Then we develop a phase correction for confocal captures (i.e., capture and illumination located at the same
position) [86] to correct the depth with the phase, obtaining a precision comparable to PF with a very dense
depth resolution, which is orders of magnitude slower. In particular, our approach is sensitive to variations
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in depth as small as 150 micrometers, with the same execution times and complexity that previous methods
employ for centimeter-scale results. Moreover, it outperforms previous methods in execution time and
memory usage, while being extremely robust to noise in poor signal-to-noise (SNR) scenarios. We show
results with publicly available real-world captures [66] and synthetic data, both captured in confocal
configurations [86].

We believe that our approach represents a significant step forward in NLOS imaging techniques. Real-
world applications where precise depth matters, such as non-invasive medical imaging or exploration, may
benefit from it in the future. Furthermore, its efficiency might make it suitable for larger-scale applications,
such as car safety, by making the problem more manageable for embedded computing systems.

7.2 DEPTH PRECISION IN NLOS.

High-resolution depth imaging demands a dense depth map of an entire hidden scene, which presents
greater challenges. By exploiting the first-returning photon geometry, previous approaches have achieved
approximately 10 micrometer precision, at the cost of using femtosecond timing resolution and a com-
putationally expensive optimization algorithm [113]. By limiting the capture to a confocal capture, i.e.,
the laser and capture are co-located, the Light Cone Transform [86] casts NLOS imaging as a decon-
volution problem, getting approximately 2.5 millimeters depth precision via direct inversion. Another
direct inversion is the fk-migration [66], which solves the problem efficiently in the frequency domain,
using Stolt’s interpolation, reaching 1.2 millimeter precision. Yet both approaches require a dense grid of
reconstruction points and manipulating large Fourier-domain representations, making inversion impractical
due to prohibitive memory demands. In this chapter, we present a linear inverse method with complexity
comparable to LCT and fk-migration, achieving up to 125 micrometer scale precision, without incurring
significant memory overhead. For that purpose, we build upon the Phasor fields framework [69], which
poses the NLOS imaging problem as a wavefront propagation problem.

7.3 OUR METHOD.

PF Dense PF ZPPF
Relay wall ~ Sparse planes Relay wall Dense plams Relay wall ~ Sparse planes

. \Laser \Ldser p \Laser Correction to
Camera‘ Camera Camera‘

Figure 7.1: Summary of our novel ZPPF (right) compared to previous PF (left). Efficient PF implementations optimized
for parallel planes achieve centimeter scale using sparse reconstruction planes, i.e., spacing the planes
by centimeters. To increase the PF depth precision, we establish the reconstruction planes in a dense
configuration so the distance between them is in terms of micrometers. We name that configuration dense
PF (center), and it is prohibitively costly compared with standard PF. In contrast, we present our ZPPF,
which, in the same complexity as PF, achieves the same precision as in dense PF. To do so, ZPPF employs
the phase information to refine the hidden geometry position given the reconstruction on the sparse planes.

zero phase

As we describe in Section 2.2, the Phasor Fields framework virtually illuminates the scene with a
Gaussian wave packet, which allows the original authors to pose a NLOS problem as a virtual wavefront
propagation. Therefore, they image a single reconstruction point with a wavefront focus operator, as
described by Equation (3.6). PF employs a grid of reconstruction points to image the complete hidden scene,
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assuming a high value in the amplitude denotes a nearby geometry, discarding its phase. Consequently,
increasing the precision is costly since it involves incrementing the resolution (the number of computed
reconstruction points).

Inspired by interferometry and especially the usage of phase for achieving nanometer-scale [13, 29, 6],
we reconsider using the virtual phase obtained by PF for a novel reconstruction technique which refines
the position of the reconstruction point to nearby geometry. Our proposal requires prior knowledge of the
phase at the hidden surface’s position, for estimating the distance correction of reconstruction points. For
that purpose, we mathematically prove a key observation in Section 7.3.1: by ensuring certain properties of
the virtual Gaussian wave packet, we can assert zero phase at the hidden geometry positions. Searching for
those zero-phase positions increases our accuracy, which gives our novel approach the name Zero-Phase
Phasor Fields (ZPPF).

Our ZPPF is a two-step algorithm that uses PF maxima to select candidate points near the hidden
geometry, and then refines their position using phase information to match those zero phase values (see
Section 7.3.2). We leverage PF efficient implementations for reconstruction points grouped by parallel
planes to the relay wall [68], which we refer to as reconstruction planes. Figure 7.1 shows a summary of
PF (left) and our ZPPF (right). In both cases, the distance between the reconstruction planes is in the range
of centimeters, which we name sparse planes. We also term dense PF as a case of PF that achieves high
precision in placing reconstruction planes on a micrometer scale. We show that our ZPPF computational
cost is the same as PF for sparse reconstruction time, achieving an accuracy comparable to dense PF
(micrometer-scale depth precision), as shown by our experiments in Section 7.4.1. On top of that, phase
propagation is very robust to noise, as we later show in our experimental validation (see Section 7.4.2).

7.3.1 Analyzing phase.

In this section, we analyze the phase behavior on a reconstruction point when it matches a hidden scene
geometry, imaged with the virtual wavefront of the PF framework. Later, we prove we can ensure zero
phase at those points, controlling the virtual Gaussian wave packet.

We start by the frequency domain version of a phasor (Equation (3.3)), for a particular frequency .
We represent virtual illumination pulse & (®) now has the form

A

P(0) = A(w)eV(@ (7.1)

where A(®) represents amplitude and y(®) phase in the Fourier domain, obtained from the Gaussian
wave packet in the Fourier domain, described in Equation (3.2). Adapting the confocal camera model
(Equation (3.6)), with Equation (7.1) the propagation of the waves is given by
q)g) [XV’@(X[’XS? a))} =
:/ R(x,,x;, @) /R(xv,xs,w)A(a))ei"’(“’)Ifl(xl,xs,a))dxsdxl (7.2)
L S
—A(w)e"(@ ) (A (x1,%,, ©),%, ] .

which means that the RSD-based propagation of PF is independent of the virtual illumination pulse. Usually,
a straightforward optimization discards the propagation of frequencies whose amplitude A(®), due to the
Gaussian wave packet, is close to zero.

Let’s now analyze what happens to the phase at points X, on the surface of the hidden geometry.
Without loss of generality, let’s assume a hidden scene consisting of a single point x,. Note that its impulse
response would be a § function in time, and therefore its frequency-domain impulse response is

i [x¢ —X; |+ [Xr —Xs]|

H(x;, X5, @) = gye c , (7.3)

where g, is a scale factor for each x; and x, of A (-) that accounts for the attenuation of light, and ¢ is the
speed of light.
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Figure 7.2: Dense PF reconstruction of a plane at 1.2 meters from the relay wall. In (a), we illustrate the amplitude as a
heatmap and the phase as a blue-white-brown. (b) plots the same values from the dashed line of (a), with
the real ground truth position of the geometry (purple dashed). We used a Gaussian wave packet for the
virtual illumination pulse of PF that has zero phase at t = 0. Hence, the reconstruction also has zero phase
at the ground truth hidden geometry location, as Section 7.3.1 proves.

Plugging Equation (7.3) into Equation (7.2), we get

@) [x,, 2 (x1,%,,0)] =

A A il[l(a)) _io [x¢ = |4 [xr —xs| (74)
:/LR(X,,,xl,a))/sR(xv,xS,a))e ge c dx,dx;.

If we now expand Equation (7.4) with Equation (3.5), when imaging point X; = X,,, the phase shifts
(the exponents of e) from the impulse response cancel the phase shifts due to the RSD propagation, yielding

v o) [ ] I
O [x,, (x1.%,,0)] = A(@)e*) | £ dx,dx,. (15)
L ‘vaxl| S |XV7XS|

Therefore, the only phase shift corresponds to the virtual illumination pulse y(®), the Gaussian wave
packet.

As we control the Gaussian wave packet, we can define such a pulse that ensures phase zero at the
reconstruction point x,, = X,. Considering that PF ultimately applies an inverse Fourier transform for a
reconstruction point x,,, Equation (7.5) results in a scaled version of the original Gaussian wave packet in
the time domain. Intuitively, this is equivalent to having the geometry of the hidden scene as an emitter of
our virtual illumination pulse. Therefore, by ensuring that the virtual Gaussian wave packet has zero phase
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(w(w) =0) att = 0, we can assert that the imaged phase at x, is also zero. We show an example of this
with a dense PF reconstruction in Figure 7.2, establishing a zero phase for the reconstruction surface.

7.3.2 Zero-Phase Phasor Fields.

Conventionally, amplitude-based PF needs to rely on very dense reconstruction planes to yield precise
reconstructions; this in turn imposes very large computational costs. Our Zero-Phase Phasor Fields (ZPPF)
method works with a regular, small number of reconstruction planes. Once we have obtained an approximate
solution from amplitude values (as in conventional PF methods) we refine it by looking for nearby zeroes
on the phase of the virtual wavefront. Figure 7.1 shows a summary comparing our ZPPF with PF.

Virtual Gaussian wave packet definition. To ensure the geometry in the hidden scene is imaged
with zero values, we set our virtual Gaussian wave packet with zero phase at = 0 (see Section 7.3.1). To
represent the 99.73% of the Gaussian wave packet, we use the 30 rule from Gaussian distributions, where
o is the standard deviation of the distribution. We therefore set n, a real positive number of cycles of the
wavelength, such nd, = 60, where A, is the central wavelength of the packet (Equation (3.2)), to represent
a pulse of width 60.

Sparse reconstruction planes. To make sure that for every reconstructed plane there is only one
nearby zero crossing in phase, we need to make sure that there is less than one wave period between planes.
We thus set a maximum distance between sampled planes of A, /2. This is still a sparse reconstruction, as
Ag is usually defined in a range of centimeters.

Phase correction. We then identify the maxima in amplitude in the sparse reconstruction. Note that, as
we leverage efficient PF by planes, our maxima x, correspond to the maximum amplitude along the depth.
For an imaged reconstruction point X, one of those maxima in amplitude, the phase y(x,) € (-7, 7] is
the phase of the reconstruction <I>S,,C ) [@(xl,x‘y, a)),xv] . In order to find the closest zero crossing in phase
(w(x,) = 0), we apply Netwon’s method for a scalar function with a vector argument, starting from y(x,):

X0 = Xy
v(xt) (7.6)

B

where X; = X, is obtained after » iterations. In our experiments we have only needed a single iteration
(n=1).

Xp+1 = Xk

To solve Equation (7.6) we need to calculate the gradient of the phase Vy/(x,), which is related
to the wave vector. In the general case, calculating Vy/(x,) involves differentiating the propagation of
Equation (3.6). In our captures, we use a confocal setup, in which illumination and capture occurs on the
same positions (X; = X;). For confocal capture setups, the propagation is perpendicular to the relay wall
(z direction), and so the whole integral is simplified to the product of two planar waves that follow the
same direction, so that Vy/(x,) = —2m,z/c. We can therefore correct the phase from a single iteration of
Equation (7.6) as

X, )2 20,2 c
v =+ PRSI sy
q o 17
=X, + W(Xv)zﬁ,

which we use to propagate per-plane maxima at x,, towards the closest zero-crossing in phase. This results
in a corrected position of the reconstruction point, without additional imaging computation.

7.4 RESULTS.

We next show results illustrating two key characteristics of our approach: increased depth precision and
increased robustness in low signal-to-noise (SNR) conditions. The virtual illumination employed in all
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reconstructions consists of a Gaussian wave packet with a central wavelength of A, = 0.08 m, and a width
of n = 5 cycles (see Section 7.3.2). For this parametrization, we set a distance between reconstruction
planes as 0.03 m (smaller than A4 /2) for the sparse reconstruction planes of ZPPF. We use the same sparse
planes to reconstruct with PF for same-time comparison purposes. We also define a dense PF, with a
reconstruction plane every 100 yum, that we use as a baseline and as a same-precision comparison to our
ZPPFE.

Scene Dense PF PF diff. ZPPF diff.
(Baseline)

Depth (m) Diff (m)

0.016

0.012

0.008

9h 28’ 54”

2’047 2’ 107

0.008

0.004

13h 54° 55" EEES 2’017

0.000

Figure 7.3: From left to right: picture of the hidden scene, dense PF depth used as baseline, PF depth difference to
the baseline, and ZPPF depth difference to the baseline. From top to bottom, the statue and the dragon
scenes. Insets indicate the computation time required for each reconstruction shown. ZPPF reports subtle
depth variations in sparse reconstruction planes, achieving similar results to the dense PF in a much faster
execution time (almost 15 hours vs 2 minutes). In contrast, the previous PF employs the same time for
much coarser depth estimations.

7.4.1 Depth precision analysis.

To analyze depth precision, we employ publicly available captured data [66] of two different scenes. These
scenes are the statue, and the dragon, which both consist of a 2x2 m relay wall with a regular grid of
512x512 capture and illumination points in a confocal capture configuration.

We compare our ZPPF depth estimation with the PF on this dataset in Figure 7.3, using the dense PF
as a baseline. ZPPF outperforms the previous PF, with a noticeably smaller error in the depth estimation
(columns three and four), and with the same execution time.

In addition, our ZPPF method yields comparable results to the dense PF we used as baseline (depth
estimation in the second column), using 300 times fewer reconstruction points, and being almost 400 times
faster (a bit over two minutes vs almost fourteen hours).

We further analyze the sensitivity of our method to small variations in depth, on the order of mi-
crometers. We use a baseline synthetic scene [96] consisting of a 0.5 x 0.5 m plane, placed parallel to
the relay wall at 1 m. We progressively offset variations of 500, 250, and 125 um in depth between
experiments. Figure 7.4 shows the resulting estimated depths for ZPPF (green), PF (orange), and the
ground truth (purple). PF does not capture such fine-grained variations in depth due to sticking to the sparse
reconstruction planes. Leveraging phase information allows ZPPF to capture such subtle variations, with
the exact same number of reconstruction planes as PF, while requiring the same 2.7-second reconstruction
time for the same 2d slice.

48



7.4 RESULTS.

1 m I m+ 500 um

1000 - e ——— ]

09% 4 -

T T
-1.0 0.0 1.0 -1.0 0.0 1.0

I m+ 250 um I m+125 um
1.000 P ——
BB ORI L e e s S S st
0.996
1.0 0.0 1.0 1.0 0.0 1.0
® ZPPF PF Ground truth

Figure 7.4: Width (x) and depth (z) coordinates in meters of the PF and our ZPPF depth estimation of a 0.5 m-sized
squared plane at varying distances in the micrometer scale compared to the ground truth. Ours achieves
better depth approximations, using the sparse planes, with a small constant error, maintaining a coherent
estimation when compared between experiments. Horizontal and vertical axes are not on the same scale for
visualization purposes.

Depth offset (um) Estimation diff. (um)

500 492.60
250 246.21
125 123.23

Table 7.1: Mean estimated difference of our ZPPF between a 0.5 m plane located at 1 m of the relay wall, and the same
plane offset 500, 250, and 125 pm in depth.

As Table 7.1 shows, our ZPPF estimates the relative depth variations between experiments with
precision, even if a small error appears between our ZPPF estimation and the ground truth due to near-field
diffraction affecting small phase shifts near the hidden geometry.

We next analyze local depth variations in the plane. We employ the same scene as the previous
experiment, but splitting the plane in two equal parts and displacing one halfway along the z-axis 500, 250,
and 125 pum, respectively. As Figure 7.5 shows, our method is robust at detecting the displacement that
appears between both planes, even in the extreme case of a 125 um offset, while PF estimations do not
detect such small changes.

7.4.2 Robustness to noise.

We next evaluate the robustness of our ZPPF estimations in challenging scenarios with low SNR. We use
the dragon scene, which has been captured under decreasing exposure times of 180, 30, 10, one minute,
and 15 seconds. For baseline comparison, we employed the dense PF on a high SNR capture (180 minutes
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Figure 7.5: Width (x) and depth (z) coordinates in meters of the PF and our ZPPF depth estimation of two 0.25 m
squared planes, maintaining one fixed at 1 m, and applying a distance offset to the second one. Our ZPPF
can detect the slope between the planes using sparse reconstruction planes, where previous PF cannot, even
in the extreme case of 125 um. Horizontal and vertical axes are not on the same scale for visualization
purposes.

exposure), providing a reference for evaluating the differences. As Figure 7.6 shows, our method achieves
consistent and reliable depth estimations across all cases. At 15-second exposure, the low SNR constrains
the depth estimation from the amplitude, limiting the phase refinement of our ZPPF. Nevertheless, even
for the challenging case of 1-minute exposure time, where reduced SNR leads to localized error at the
geometry borders due to a decreased lateral resolution, our method maintains robust performance.

7.5 DISCUSSION.

We have proposed a novel NLOS imaging technique, named Zero-Phase Phasor Fields, which can leverage
the phase information usually discarded in previous NLOS imaging methods. Our approach consists of
a first coarse reconstruction (similar to conventional Phasor Fields), which we then refine by finding
zero-crossings in phase. In contrast to previous NLOS imaging methods, including standard Phasor Fields,
our method yields accurate depth reconstructions without increasing the voxel resolution of the hidden
scene region, and therefore without imposing prohibitive computational constraints. As our experimental
validation shows, ZPPF is sensitive to depth variations as small as 100 tm. While standard PF requires
dense reconstruction planes and hours of computation to achieve the same precision, ours runs in a little
over two minutes. Furthermore, ZPPF is robust to noise, as we showed in our experiments with low
SNR scenarios. We believe that in the future, this will enhance the applicability of NLOS imaging into
real-world scenarios, where noise, time, and memory constraints are challenges to overcome. We focus
on the micrometer scale, which might be practical for medical imaging. Yet, future endeavors on longer
virtual wavelengths would make the problem suitable for larger-scale applications, such as car safety or
topography.

We have only focused on confocal capture configuration for our phase correction, and non-confocal
captures require more complex estimation to refine their position correctly. Yet, when imaging far enough
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from the relay wall, the virtual wavefronts behave as planar even in a non-confocal configuration. Therefore,
we presume that our estimation would perform similarly as we present here in that scenario.

Since our method involves a first standard PF reconstruction, our technique naturally benefits from
all optimizations already implemented for PF, which have reached reconstructions as fast as five frames
per second [81, 64]. Additionally, our technique could be adapted to other, more sophisticated PF-based
techniques, including imaging beyond the third bounce [98].

Our method does not require a dense sampling of the reconstruction volume, which makes it suitable
for large scenes, thus overcoming a common limitation in the size of the hidden scene for most NLOS
imaging methods. The only limit to resolution comes from the wavelength of the virtual illumination; an
iterative version of our approach could be used, starting from very large wavelengths, finding the candidate
locations of the hidden geometry and progressively increasing resolution near such candidate locations
until a certain precision is achieved. We have developed a prototype of this iterative technique, and our
preliminary results show that hidden scenes with sparse geometry can be reconstructed up to 2.5 times
faster than our standard ZPPF implementation.

Our results show very small variations with respect to the ground truth in the simulated data, which
we believe are due to near-field virtual diffraction effects. Although such variations are negligible, it
would be interesting to explore them further in future work. Other frequency-domain techniques, such as
fk-migration [66], might also benefit from explicitly incorporating phase information. In this sense, we
hope that our work inspires future research on more sophisticated NLOS imaging methods.
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Figure 7.6: Depth estimation of our ZPPF for different captures of the dragon scene of decreasing exposure times. Our
ZPPF depth estimation is coherent and reliable in all cases, showing some errors in the geometry borders
of the 1-minute and 15-second exposure. We used the dense PF reconstruction for the difference baseline.
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A COHESIVE FRAMEWORK FOR NLOS USING DIRAC NOTATION

ABOUT THIS CHAPTER

In this chapter, we propose a novel mathematical formulation for Non-Line-of-
Sight Imaging that lays the foundations for a unified representation of existing
NLOS imaging methods. To this end, we draw inspiration from quantum me-
chanics and employ the Dirac notation. We provide formulation examples for
three of the most representative NLOS methods, demonstrate that the Rayleigh-
Sommerfeld diffraction operator is the appropriate propagation for wave-based
imaging methods, and that back-propagation and wave-based imaging formula-
tions are equivalent.

This work is published in the Optics Express [91]. While most of the math-
ematical theory was developed by Albert Redo-Sanchez, as second author, I
specifically contributed to the experimental design, experimental validation, writ-
ing, revision, and discussion. For completeness purposes, and to establish the
mathematical insights of the notation, this chapter closely follows the published
work. In Chapter 9, we further analyze the experimental implications of this
chapter thoroughly.

A. Redo-Sanchez, P. Luesia-Lahoz, A. Mufloz & D. Gutierrez
Cohesive framework for non-line-of-sight imaging based on Dirac notation
Optics Express

8.1 INTRODUCTION.

The NLOS imaging landscape has seen rapid progression in recent years, as experimental setups have
become more reliable, faster, and more accurate, which has generated an effervescence in reconstruction
methods with varying accuracy and reconstruction time. However, this body of reconstruction methods
has been formulated independently, with ad-hoc assumptions and usually simplified light transport models
adapted to particular cases. Two of the major formulations are backprojection and wave-based propaga-
tion [69, 66], the latter including Phasor Fields (see Section 2.2 in Chapter 2). Backprojection formulations
model the transport of light within the hidden scene and aim at recovering the geometry inverting the trans-
port model [115, 62, 2, 59, 124]. Wave-based propagation formulations aim at modeling the time-of-flight
of light within the phase of a complex function, applying well-known Fourier optics to image the hidden
scene [86, 66, 69, 92, 79].

A key part of this chapter’s contribution is the formulation of a cohesive theoretical framework that not
only encloses several reconstruction methods but can also explain their limitations and virtues in a cohesive
way. One of the key insights that has inspired our work is the realization that the magnitudes propagated
in both major formulations (time-resolved real numbers in backprojection and phasors in wave-based
propagation) are, indeed, elements in a Hilbert space .7# connected through a linear operator.

We build on top of the idea that reconstruction methods are unable to accurately predict the hidden
geometry due to insufficient information and the inherent ambiguities of light transport within the hidden
scene. Therefore, the output of such methods can be interpreted as a probability distribution, for each
point in the volume, of being part of the hidden geometry. This leads to another key insight inspiring our
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work: thinking about the measurement of a hidden scene as the measurement of an operator in quantum
mechanics. This in turn links with quantum mechanics theory and the uncertainty principle, in which it
is impossible to predict particular outcomes of events, but it is possible to estimate probabilities of such
events.

A fundamental piece in the formulation of quantum mechanics is the use of Dirac notation to describe
quantum systems [15, 16]. As we show, the use of Dirac notation in an NLOS context provides a cohesive
theoretical framework that will explain why the methods proposed so far work the way they do, as well as
to connect the reconstruction methods with the fundamental physics of light propagation.

In this chapter, we will demonstrate the following theoretical contributions i) the derivation of back-
projection, Phasor Fields, and f-k migration formulations for NLOS imaging from a single equation
(Section 8.4, Section 8.5, and Section 8.6), ii) the demonstration that the Rayleigh-Sommerfeld diffraction
operator is the propagation operator for wave-based imaging methods (Section 8.5), and iii) the demonstra-
tion that backprojection and wave-based imaging methods are equivalent point-to-point (Section 8.7), which
is supported by a prior demonstration that propagation operators are unitary (Chapter A). This chapter
also brings other contributions, such as modeling general temporal profiles for light source emission (most
methods assume delta pulses), as well as novel insights on the general properties of propagation operators,
including the Rayleigh-Sommerfeld diffraction operator commonly used in Phasor Fields. Other NLOS
imaging formulations [101, 87, 8, 109, 104, 120, 57] may also be derived from our proposed framework,
as we discuss at the end of this manuscript.

Based on this work, we expect to enable future research including, but not limited to i) bringing the
mathematical toolset of quantum mechanics to NLOS imaging, which can result in more optimal and higher
performing computational methods; ii) implement other imaging and reconstruction methods that may
model the interaction of light with the hidden scene more accurately by finding an appropriate Hilbert space
representation and specific propagation operator; iii) define optimal scene sampling and reconstruction
strategies based on the expected properties of the operators, for example, their rank, dimensionality, and
symmetry; and iv) use the generality of our proposed framework to devise algorithms that will work with
all NLOS imaging methods.

8.2 BACKGROUND.

Two of the major formulations to realize NLOS imaging are backprojection and wave-based propagation.
The backprojection formulation creates a voxelization of the NLOS scene and estimates the presence
of geometry on a particular voxel based on the cumulative contributions of light intensities captured
by the time-resolve sensor at specific timestamps [115, 2, 59]. The timestamps are computed based on
the estimated time-of-flight of the light according to the relative position of the voxel with respect to
the illumination and sensor points on the relay wall. Backprojection uses the computed timestamps to
look-up the intensity of light captured at the corresponding time index on the time-resolved signal. A more
mathematical background on backprojection is provided at the beginning of Section 8.4.

Wave-based propagation formulations aim at modeling the time-of-flight of light within the phase of a
complex function so that virtual light sources and cameras can be modeled and well-known Fourier wave
optics methods can be used to image the hidden scene. Two of the most popular wave-based formulations
are Phasor Fields [69] (see Section 2.2 in Chapter 2), and f-k migration [66].

In the rest of this section, our goal is to familiarize the reader with the terminology and some
fundamental concepts of the Dirac notation and quantum mechanics. More mathematical backgrounds on
Phasor Fields and f-k migration are provided at the beginning of Section 8.5 and Section 8.6 respectively.
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Table 8.1: Table describing the symbols used throughout this chapter. mThorough this chapter we will use x; and n
indistinctly to refer to an illumination point in L. (Z)Thorough this chapter we will use X and m indistinctly
to refer to a sensing point in S.

’ Symbol ‘ Description

L Surface containing the illumination points.

n,n (Index identifying an illumination point at position x;.
The apostrophe indicates that it is used as an index for a summation.

(Iu| |I,) | The bra and ket representing the state of light at illumination point n.

S Surface containing the sensing points.

m,m Index identifying a sensing point at position X;.
The apostrophe indicates that it is used as an index for a summation.

(sm| |sm) | The bra and ket representing the state of light at sensing point .

Vector describing the position of an arbitrary point.

Time dimension.

Frequency of the light.

Wavevector of the light.

] | Observable corresponding to scene operator |7, |.

” Propagation operator from illumination point # to sensor point .
” The apostrophe indicates that it is used as an index for a summation.

X
t
®
k
[Tn] | Scene operator.
Tn
Om
m

8.2.1 Dirac notation and quantum mechanics.

Quantum mechanics is a fundamental theory in physics developed in the first half of the 20th century that
aims at describing the physical properties of matter at the scale of atoms and subatomic particles. Although
being controversial and often conflicting with our common-sense intuition derived from our experience in
the world, quantum mechanics has been successful in providing correct predictions and results in every
situation to which it has been applied.

A key component in quantum mechanics is the use of Dirac notation to represent the different states of
a quantum system and its dynamic evolution. Dirac created this notation to simplify the formulation of
quantum mechanics in mathematical terms [15, 16] and quickly became as de-facto standard notation in
the field. The scope of this section is to provide enough background in terms of terminology an intuition of
the key mathematical elements in Dirac notation. In particular, we aim at describing the state of a pulse of
light and how this pulse propagates and interacts with a hidden scene. We refer the interested reader to
other sources for more in-depth explanations [26, 20, 24, 33, 100].

8.2.1.1 Kets and Bras

Dirac notation is also known as bra-ket notation. A ket represents the state of a quantum system and it is
expressed as |u) (any letter other than u may be used to identify the ker). This ket is a vector, or element, in
a Hilbert space 7#. In general, the term Hilbert space refers to an infinite-dimensional space where the
inner product is complete. This definition also includes finite-dimensional spaces, which automatically
satisfy the condition of completeness. Without loss of generality, we can think of a ket as a column vector
with a dimension equal to K in which the components are complex:

) = (uy,--- ug)" 8.1)
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A bra is the adjoint of a ket. Therefore, the bra is the transposed and conjugated version of the ker.
Without loss of generality, the bra is expressed as a row vector with dimension K in which the components
are the conjugated components of the ket:

) = (i, i) = (ul (8.2)

Notice that the transposed conjugated |>I is denoted as (-| in Dirac notation. Note that the dimension
K of these vectors can be infinite, provided, as stated before, that their inner product is complete.

8.2.1.2 Inner product.

The inner product defines the contraction of a bra with a ket, which is expressed as:
; K
(vlu) = \v>T\u) = (i, k) (U, oug)” =viug+ - +viug = Zv,fuk (8.3)

k=1

In practical terms, the inner product is the scalar product of two vectors in which the components are
complex. The inner product of a ket with its bra is the square of the norm of the ket:

(uluy = (wjuy + -+ ugug) = |Jul* (8.4)

Note that the inner product is expressed as a bracket of (v| and |u) and that both (v| and |u) have
the same dimension. Hence, the name of braket notation for this formalism [15]. The generalization of
Equation (8.3) to an infinite dimensional space is the integral:

(vuy = /:o dx v*(x) u(x) (8.5)

Kets play a prominent role in representing the states of quantum systems. Kets are the states upon
which operators act; for instance, A |u) means that operator A is acting on |u), because in standard algebra
operators are placed on the left side of the element they act on. Bras are considered the dual representation
of the Kets and, thus, adjoint operators act on the element placed on their left side. For instance, <u|AT
means that the adjoint operator of A is acting on (u|. Considering matrices and vectors as particular cases,
we can consider A |u) as the product of matrix A with column vector u, whereas we can consider (u| AT as
the product of row vector [u*]” with matrix AT = [4*]".

8.2.1.3  Outer product.
The outer product is defined as the cartesian product of a ket with a bra:

upvy ... upvy
) v =+ . (8.6)

ugvi ... Uugvy

where K is the dimension of |«) and L is the dimension of (v|. Notice that the dimensions can be different
and, therefore, the matrix defined in Equation (8.6) is not necessarily square. The outer product behaves
like an operator. The generalization of Equation (8.6) to infinite dimensional spaces is:

(Ju) (v]) = (u@v), (8.7)

which could be represented as an operator kernel, such as

(|} (v]) (ab) = u(a) v* (D). (8.8)
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8.3 FUNDAMENTAL EQUATIONS FOR NLOS IMAGING.

Our target in this chapter is to present a cohesive framework that encompass and derives for all existing
NLOS imaging methods. In this section we propose two simple equations based on quantum mechanics
and Dirac notation that will allow us deriving backprojection and wave-based imaging methods such as
Phasor Fields and f-k migration.

Let us start by defining the kets that represent the state of light at both the illumination and sensing
points. Let us define |[,) as the state of light at an arbitrary illumination point x; with index n located
on the virtual light source surface L, and |s,,) as the state of light at an arbitrary sensing point x; with
index m located in the virtual camera surface S. We can then define an operator T}, , as the outer product
between the kets representing light measured at the sensing points on S and the bras representing light at
the illumination points on L as:

A~

T = |Sm) {In] (8.9)

which allows us to define a matrix operator 7" that contains all the illumination-sensing pairs such that:

(7= [Ta] = [lsm) ] ) (8.10)

Equation (8.10) defines a simple, comprehensive operator to model the interaction of light with a
hidden scene in a NLOS context; we call T the scene operator. In the following, we will use individual
elements of the scene operator Tm,n instead of its matrix form 7' = [f"m,n] .

Equation (8.10) can be expressed more explicitly by introducing propagation operators, which
actually model the propagation of light from point-to-point, whereas 7}, , models a convenient mathematical
relationship between the state of light at the illumination point and the state of light at the sensing point.

Let’s define a propagation operator U, , that models the interaction of light with the hidden scene by
propagating light from an illumination point n on L to a sensing point m on S. The contributions from all
illumination points to an arbitrary sensing point m are given by:

N
sm) =Y Uy L) (8.11)
n'=1

where N is the total number of illumination points and #’ is the summation index over all » illumination
points.

Plugging Equation (8.11) into Equation (8.10) yields:

[Tm,n =YY Oy 1) (1] J (8.12)

which defines the fundamental equation that comprehends the general formulation in solving any
NLOS scene using propagation operators. We propose the construction of 7,,, as an operator that will
allow us to develop and state the claims of the chapter. 7,,,, contains information about the measurement
of the scene through the information of the captured light contained in |s,,) and the set of propagation
operators Um,n. However, Tm,n is not a measurement operator.

Equation (8.10) will allow us to demonstrate a series of general properties of the different NLOS
reconstruction methods and it is the starting point to i) derive the backprojection, Phasor Fields, and f-k
migration formulations from the same Equation (8.10) in Section 8.4, Section 8.5, and Section 8.6, respec-
tively, thus setting evidence that our proposed theoretical framework represents a cohesive formulation for
the NLOS problem; ii) demonstrate that the Rayleigh-Sommerfeld diffraction operator is the propagation
operator for wave-based imaging methods, such as Phasor Fields and f-k migration in Section 8.5; and iii)
demonstrate that backprojection and wave-based imaging methods are equivalent in Section 8.7.

Both Equation (8.10) and Equation (8.12) are general, and be seen as sheet equations under which
several NLOS reconstruction methods can be formally described. To realize this, we need to 1) identify
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8.4 DERIVATION OF BACKPROJECTION FORMULATION.

Relay wall

dy

Sensor
Nlumination Occluder

Figure 8.1: Schematic of the backprojection formulation. A mesh of voxels partitions the imaging space containing the
hidden geometry. The signal for each voxel G(x,) is computed as the contributions from all time-resolved
signals Hy, () corresponding to time #,, which corresponds to the total time-of-flight d; of light from the
illumination source to illumination point n on the relay wall, time-of-flight d> from illumination point n to
a voxel x, € V, time-of-flight d3 from voxel x, to sensing point m on the relay wall, and time-of-flight d
back to the sensor from sensing point m. X; and X describe the position coordinates of illumination point n
and sensing point m respectively.

the form that kets take in the particular Hilbert space that describes light under a given method. For
example, wave-based imaging methods are conveniently described in frequency space (phasors), whereas
time-domain methods (backprojection) are described in a real time-resolved space; and ii) find the adequate
propagation operator Uy, , that acts on the kets in a particular Hilbert space based on the specific restrictions
of the reconstruction method. Other NLOS reconstruction methods may be derived from our proposed
framework as well, following this methodology. For the following three sections, we derive backprojection,
Phasor Fields and fk-migration from our notation.

8.4 DERIVATION OF BACKPROJECTION FORMULATION.

The backprojection formulation and reconstruction was one of the first methods proposed to reconstruct
a hidden scene from an arbitrary number of illumination and sensing points [115]. In practical terms,
illumination is realized using laser pulses whereas sensing is realized using time-resolved detectors. In the
backprojection formulation, for every voxel x,, of a hidden scene inside the imaging volume V, the image
signal corresponding to that voxel G(x,,) from a set of time-resolved measurements Hy, () on the relay
wall is defined as:

G(Xv) = Zsz,n(tv) (8.13)

where t, corresponds to the total time-of-flight of light from the illumination source to the illumination
point n (d;), from illumination point n to voxel x, (d;), from voxel x, to sensing point m (d3), and back
from sensing point m to the detector (ds). Figure 8.1 illustrates the backprojection formulation in which
the hidden geometry is contained within a mesh of voxels in V, and the different light paths from the
illumination source to the sensor. x; describes the position coordinates of illumination point n, while x;
describes the position coordinates of sensing point .

In quantum mechanics, an observable is an experimental measurement of an operator. We will show that
the backprojection formulation described in Velten et al. [115] can be derived by inverting the observable
corresponding to the operator defined in Equation (8.12). One of the fundamental postulates of quantum
mechanics is that it is not possible to measure all possible outcomes of an operator simultaneously; instead,
we can only measure the probability of all the possible outcomes of such operator. The Born rule [100]
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8.5 DERIVATION OF PHASOR FIELDS FORMULATION.

defines how to measure the observable O corresponding to an operator O, which defines the observable O
as the expected value of operator O using suitable basis functions {|ba)} representing the system’s state:

0= (ba| Olba) (8.14)

The way that the expected value of an operator is defined by the Born rule determines that the result
is a Real number or function. Although our scene operator is not based on an actual physical quantum
mechanics system, it is formally defined as one and it is a Hermit operator and, thus, it benefits from
the mathematical body applicable to quantum mechanics. The reason to use the observable of operator
Equation (8.12) in deriving the backprojection formulation is that the observable is a Real magnitude and
backprojection uses the intensity of the captured light, which is also a Real magnitude.

The extension of Equation (8.13) to the continuum domain leads to Equation S2 in the supplemental
material of Velten et al. [115], which states that:

, t 4+t I (x;,t 8.15
1800) = [ s 0 <80 &

where I, = X, — Xy, [R2 dS, is the surface integral of the hidden volume in V, the term W S(||ey||—ct +

ct’) is the diffuse Lambertian reflection of a point in V illuminated by a point source, and c is the speed of
light in a vacuum. As stated in Velten et al. [115], the dependency of the reflection on the surface normal’s
in V is neglected.

We can evaluate the observable corresponding to operator Equation (8.12) for a single illumination-
sensor pair using the Born rule as:

T = (b| T |B) = (b| Uy | 1) {1, |b) (8.16)

where |b) is a suitable basis, for example, Gaussian packets. We can then establish the following identifica-
tion:

1(x,t) =Ty > 1(x5,1") = (1,]D) (8.17)

where I(x,,7) is the intensity captured at sensor position m as a function of time ¢, and I(x;,#') is the
intensity of illumination position 7 as function of time #'.

The propagation term (b| Uy, |1,)) is:

ds, N
= 8(||ry|| —ct +ct’) = (b| U |1 8.18
S el —et+ e = (10l (8.18)

Plugging Equation (8.17) into Equation (8.18) yields:

[[(Xs,t) = Jud fye 7558 ( | fct—i-ct')l(xl,t’)] (8.19)

where [ d¢’ implements the outer product defined in Equation (8.16). The result is an equation that is
exactly Equation (8.15), which is the staring equation for the backprojection formulation described in
Velten et al. [115]. Therefore, the identification expressed by Equation (8.17) and Equation (8.18), coming
originally from Equation (8.12), demonstrate that the backprojection formulation can be formally derived
from our proposed framework.

8.5 DERIVATION OF PHASOR FIELDS FORMULATION.

In this section we show how the Phasor Fields formulation can be derived from Equation (8.12). Prior to
demonstrate the derivation, we refer to Section 3.2 for background, although in this chapter we focus on
the notation as it appears in the original work [69].
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8.5 DERIVATION OF PHASOR FIELDS FORMULATION.
8.5.1 Derivation.

ToF data is captured in the time domain. However, any signal captured in the time domain can be expressed
as the superposition of its frequency components. To derive Phasor Fields from Equation (8.10) we thus need
to express the signals captured in the time-domain as the inverse Fourier transform of the corresponding
signals in the frequency-domain. Moreover, a convenient Hilbert space to describe wave-based propagation
methods is the frequency space, or Fourier space. Other Hilbert spaces may be used as well and, indeed,
our proposed framework enables that possibility.

The ket representing the captured signal in the time-domain can be expressed as the inverse Fourier
transform of the signal in the frequency-domain as:

) = / dw S(x,, o) &' (8.20)

where S(xy, a)) is the captured signal expressed in the frequency domain.

The time component of the bra representing the illumination has to be expressed as the conjugate of
the inverse Fourier transform as:

1 "
(] = — / 4o’ L*(x,@') 1" 8.21)
27 JR
Using these expressions of the ket and bra in Equation (8.10) results in:

. 1
Tn = dx; — d s iz /d L*(x;, —io't 8.22
, /IR xlzﬂ/]R © S(x, — 1. 0)e o L*(x.0)e (8.22)

Now, assuming that the illumination is a delta in time with a Gaussian distribution of energy in space
results in:

(Il )
L(x,0)=L"e¢ (o) o (8.23)

and plugging Equation (8.23) into Equation (8.22) yields:

lIx I

[ T = Jpodxs 2 fd@' L0 (5 ) gmia %) L fpdo S(xs—xl,w)ei“”] (8.24)

where fRz dx; implements the outer product between Equation (8.20) and Equation (8.21) as required in
defining 7}, in Equation (8.10). For delta-type illumination pulses, S(x; —X;, ©) = Hyn (@) = .F [Hynn(1)],
where H,y, ,(®) is the Fourier transform of the impulse response of the scene Hiy, ().

Note that Equation (8.24) is equivalent to the original Phasor Fields formulation in Equation (3.6), as
follows:

'@(Xs’t) = 7;nn
0 ,~(B1)° i .
@(Xl, )E j do' L, on ) =it (t—ty ") .

b7
(1) = 2= [rd® S(x; —x;, @) €

where 2 (x,t) is the phasor at the virtual camera S, £ (x;,t) is the phasor at the virtual illumination
source surface L, and H,, ,(¢) is the scene impulse response of the illumination-sensor pair {m,n}. This
shows how our quantum-mechanics framework includes the Phasor Fields formulation.

8.5.2 Rayleigh-Sommerfeld diffraction operator is the propagation operator in wave-based imaging
methods.

The Schrodinger equation describes the temporal evolution of a quantum system, which is expressed as:

i 9 y(xn) = A(xt) [y(x) (8.26)
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(x,1)) is the wavefunction describing the state of the quantum system,
and H (x,7) is the Hamiltonian operator, which is a unitary operator that describes the physics of the
quantum system. Note that the dependencies in position x and time ¢ are expressed explicitly in the kets
and operators.

The solution of the Schrédinger equation at an arbitrary position x and time ¢ for a free particle, in our

case a photon, is described by a wavefunction |y(x,7)) such that [20, 100]:

oik(x—x0)~0(t—1o)]

lw(x.1)) = o dkw [y (xo0.t0)) (8.27)

where k is the wavenumber vector in the direction of propagation of the photon, ® its frequency, and
|w(x0,10)) the wavefunction describing its state at initial position xo and time #). We can set fp = 0 as our
temporal reference and, thus, redefine t =t — 1.

Defining |w(x;)) = |y (x0,%)) as the wavefunction describing the state of light at the virtual light
source surface L at g = 0 and |y/(x,,7)) as the wavefunction describing the state of the captured light at
the virtual camera S at a later time ¢, we obtain:

ik(nyX])fi(Ol

(W (x,1)) = dki lw(x;)) (8.28)

s — x>

and defining the following identification yields:

Z(x1) =v(x)) (8.29)
P(x5,1) = |W(x5,1))

which transforms Equation (8.28) into:

o K(Xm—x;)—iot
P(x,,1) /d T 2 (8.30)

The contribution from all the point sources lying on the virtual light surface L results in:

[@(xg, t) = fpdx; dkwﬁ(x,) ] (8.31)

which is equivalent to Equation S.8 and S.9 in Liu et al. [69], representing the polychromatic wave as a
superposition of monochromatic waves. Different from the original formulation, which was limited to
delta-like illumination functions, our framework allows the modeling of any arbitrary light signals.

8.6 DERIVATION OF F-K MIGRATION FORMULATION.

The f-k migration formulation is applied to confocal measurements in which the measurement of each
illumination point happens at the same position of the sensing point, i.e. X; = X; = X. Considering a single
illumination-sensing pair located at the same position and writing the dependency on position and time
explicitly, turns Equation (8.12) into:

T = lsm(%,1)) (La (x,") | (8.32)

where kets |1,(x,t)) and |s;,(x,#')) contain the explicit dependency on position x and time ¢ and describe
the state of light at the confocal position x at times ¢ and ¢’ for the illumination and sensing instants,
respectively.

The propagation of light from 7 to ¢’ can be expressed as:

lsm(%,2)) = Unn(x,1,1") |1n(x,1)) (8.33)
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where Uy, ,(x,1,1') is the propagation operator containing the explicit dependency on confocal position x
and time propagating the light from the illumination point at time 7’ to the hidden scene and back to the
sensing point at 7. Plugging Equation (8.33) into Equation (8.32) yields:

A~

Ton = Unn(3,0,8") [l (x,1")) {In(x,1") | (8.34)

Multiplying Equation (8.34) by |/,(x,#)) on both sides we obtain:
T 10 (%,2)) = U (x,2,8) |1 (%,2) ) {1y (%,2") |1 (x,2) ) (8.35)
and considering that the illumination states are orthogonal in the time axis:
{La(x,1") |l (x,1)) = 8(' —1) (8.36)
which leads to 7 = ¢’ and, thus:
Unn(%,2,8") = Upp(x,1,1) (8.37)

which allows us to redefine U, ,,(x,1,t") as U (x,1,¢") = Uppn(x,1) and, therefore:

~

(T — U (%,1)) [1n(x,1)) = 0 (8.38)

The propagation equation that is used as the starting point for the f-k migration formulation is Equation
1 in Lindell et al. [66], which states that:

tha—z ¥(x,t) =0 (8.39)

c2 dr? o '
where Y is the complex-valued scalar wave filed, the expression in front of ¥ is the wave equation operator,
and c is the speed of light.

Now, using the following identification:

Y (x,t) = |l,(x,1)) (8.40)
N . (o, 19?
(Tm,n - Um,n (X’t)) == <V - 6‘281‘2> (841)

we can exactly match Equation (8.39) with Equation (8.38).

The solution for Equation (8.39) relies on the boundary condition:

Y(x,1)],—g = ¥(x.1)],—o (8.42)

This results shows how the f-k migration formulation can also be derived from our framework within
the context of confocal measurements and the boundary conditions described by Lindell et al [69]. The
physical interpretation of Equation (8.40) is the virtual wavefront that complies with the boundary condition
set by the f-k model.

8.7 BACKPROJECTION AND WAVE-BASED IMAGING METHODS ARE EQUIVALENT POINT-
TO-POINT.

As we explained in Section 8.2, backprojection and wave-based propagation are the two most used
formulations to image hidden scene in NLOS scenarios. While backprojection voxelizes the imaging space
and computes the signal contributions corresponding to the time of flight between the illumination and
sensing points and a particular voxel, wave-based propagation models the propagation defining virtual light
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Relay wall

Figure 8.2: Diagram showing the operators and their propagation directions for both backprojection and forward
propagation to help visualizing the algebra developed in Section 8.7. |I,) represents the illumination at
point n, |sy,) represents the signal at sensing point m, |x,) represents the signal at the voxel x, in the
backprojection model, and |x/,) represents the signal at the virtual voxel x/, in the forward propagation
model. The result expressed by Equation (8.49) demonstrates that backprojection and forward propagation
are equivalent point-to-point.

sources and virtual cameras converting the NLOS geometry in a line-of-sight geometry (hence, wave-based
propagation formulations are also referred as forward-propagation formulations).

At first sight, it may look as if backprojection and wave-based methods are quite different; however, our
proposed formulation allows us to demonstrate formally that both are actually equivalent. The demonstration
of this equivalence is based on the fact that propagation operators are unitary, which is demonstrated in
Chapter A. A unitary operator is an operator such that 0U" = UU ! =1L

Figure 8.2 depicts a diagram showing the operators and their propagation directions for both backpro-
jection and forward propagation, which will help visualizing the algebra developed in this section. The
state of light at point m is represented by |s,,), the state of light at point x, is represented by |x,,), the state
of light at point n is represented by |/,,), and the state of light at the virtual point X/, is represented by |x).

The propagation from n to m goes through x,,, therefore:
[sm) = Ux, [%0) (8.43)
where U, x, propagates the light from voxel x, to point m. The inverse of Equation (8.43) is:
%) = Uy, |5m) (8.44)
In general, we will consider that Uy, , is the propagation operator of light from a generic point a to a
generic point b.

Now, the propagation from point m to point X/, is given by:

X,y = Ut msm) (8.45)
and the inverse is:
5w} = O, [0 (8.46)

Plugging Equation (8.43) into Equation (8.45) yields:
1x,) = Ox; mOumx, %) (8.47)
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We can define the propagation operator from x, to X/, as:

O, mUnx, = Uy x, (8.48)

Now, using the property that Ux(,,xv must be unitary:

A

(O, = Oyl =1 = Oyu=0,1 (8.49)

and the only way this is possible is if |x,) = |x,), which means that the state of light at both x,, and x/,
voxels is identical.

This result demonstrates that propagating the state of light at point m using the inverse of the forward
operator from point m to point x|, in Equation (8.45) is the same as inverting the propagation operator from
point x,, to point m defined in Equation (8.43). In other words, we have demonstrated quite naturally that
both backprojection and wave-based imaging methods are equivalent point-to-point. This equivalence may
open the possibility to develop hybrid formulations to optimize imaging scenes based on certain features of
the scene and the experimental setup.

This result imposes certain conditions on the properties of the transport matrix [Um,n], which considers
the propagation among all illumination and sensing points. For instance, Equation (8.9) describes the
propagation of light from an illumination point X; to a sensor point X;. However, the signal collected at the
sensor point will be the contribution of all the illumination points and, hence:

[sm) = Y O 1Lr) (8.50)
n/

Similarly, the inverse of Equation (8.50) is:
)y = Y0 [sw) (8.51)
m/

which can be written in terms of Equation (8.51) as:

‘sm> = ZZUm,n’Un;/,ln |sm’> (8.52)
n m

Equation (8.51) is not the direct inverse of Equation (8.50). Equation (8.50) expresses the contributions
of all illumination points on a sensing point m, whereas Equation (8.51) represents the contribution of all
sensing points to an illumination point n if we were to invert the propagation from all sensing points to
illumination point 7.

Using the fact that each component (m,n) of transport matrix Uy, is unitary, i.e. U, ) = U}, = Uy,
Equation (8.52) can be further expressed as:
sm) =YY U Urt o IS0 (8.53)
n' m

which leads to:
Y Ui U = St St (8.54)
n m

where 6,y and 6,/ , are Kronecker deltas for sensing point index m and illumination point index n. The

Kronecker deltas are introduced because the states representing the illumination points and sensing points
are orthogonal by definition.

Equation (8.54) implies that the trace of the matrix resulting from the product in Equation (8.54) is
equal to one (or a Real number if [Um,n} is not normalized):

(17 ([Ona] [O]) = 1] (8.55)

Although the transport matrix [Uy,,| as a whole might not be invertible, it must comply with Equa-
tion (8.55) and, therefore, it can be used to invert it by using diagonalization or matrix decomposition
methods.
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8.8 APPLICATION: NLOS WITH NON-DELTA ILLUMINATION.

Equation (8.10) and Equation (8.12) provide the fundamental description of light interaction and propaga-
tion in a NLOS context using Dirac notation. This description is general enough to represent a varied range
of NLOS reconstruction methods, such as backprojection, Phasor Fields and f-k migration. The use of this
notation not only serves as a general theoretical framework, but it enables derivations that are independent
of the reconstruction algorithm as well. In this section we illustrate this with one of such derivations, in
which we lift one of the main assumptions of current NLOS methods: the use of delta pulses of light as
illumination source. This serves as foundations for later Chapter 9 in which we delve further.

As stated in Equation (8.11), the propagation operator U,, , relates the state of light on capture [s,,)
and the state of the illumination |/,,). The information about the hidden scene lies within this propagation
operator U, , and NLOS reconstruction algorithms assume the illumination |/,) to be a delta in time.
However, real-world illumination hardware does not emit delta but near Gaussian pulses, accounting
for excitation and decay. The width (standard deviation) of such Gaussian pulses is extremely small for
sophisticated, expensive lasers, being larger (and therefore impractical for NLOS reconstructions) for
lower-cost emitters. Using our framework, we can disentangle the effect of the illumination from the
capture, enabling the use of Gaussian distributed temporal models for emitters (cheaper lasers), instead of
delta models, which in turn enables the use of cheaper time-resolved sensors as well.

Similar to other techniques [69, 79], we assume a single illumination point in |/,) with known temporal
emission profile, which transforms Equation (8.12) into:

Tt = U |1) (1] (8.56)
and multiplying either side with |{;) = O,,,1||11||* results in:

Tt 1) = O [0} (1]02) = Opna 1P [12) = (Tona = Oonal ) 1) = 0 (3:57)
which implies that:

Tt = O 1] (8.58)

if Equation (8.57) has to hold true V|/;).

Because Phasor Fields operates in the frequency space, we can express ||/} H2 as the summation of the
square amplitude of each frequency component of the signal as:

u)> =Y hl? (8.59)
\%

where ||I;.v||* is the square amplitude of frequency component v. Notice that decomposition expressed in
Equation (8.59) is not restricted to the frequency domain alone but other domains can benefit from such
decomposition as well.

A delta pulse can be normalized such that:

nl? =Y lhvlP =1 (8.60)
\%

Because of the superposition principle, we can decompose Equation (8.58) for each frequency com-
ponent v as well. Then, dividing Equation (8.58) on sides by ||/1.v 2, we actually obtain a delta-coupled
scene operator for each frequency component v:

A~

N T,
Tty = 1Y 8.61)
[URY|
Now, we can add all frequency components of the scene operator as:
. T, .
Ty =Y, 200 = Oy (8.62)

v lal®
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Increasing illumination pulse width

250 ps 500 ps 750 ps 1000 ps (1 ns)

Figure 8.3: Results of the reconstruction of a dragon with Phasor Fields using a Gaussian light pulse of increasing width:
250, 500, 750, and 1000 picoseconds. Top: reconstruction of the raw signal with Gaussian illumination. As
the width of the pulse increases the reconstructions become blurrier, to the point where the dragon cannot
be recognized. Bottom: reconstruction using our framework. Even in the presence of very wide pulses, we
can still obtain reasonable reconstructions.

We then use this delta-decoupled operator for the NLOS reconstructions instead of the original signal.
In other words, we can achieve the same effect of a delta-like illumination from an arbitrary time-resolved
illumination by applying Equation (8.62) and using 7’ m,1 as input for the NLOS reconstructions.

To validate our results, we have synthesized a hidden scene consisting of a Stanford dragon with
a transient renderer optimized for NLOS [96]. The dragon is at 1 meter of distance to a relay wall of
2 x 2 meters, with a sensing grid of 128 x 128 points S, and a single illumination point L at the center
of the relay wall. In Figure 8.3 we show the results of reconstructing the hidden scene with the Phasor
Fields framework [69], with the temporal model of a Gaussian pulse with different widths: 250, 500,
750, and 1000 picoseconds. As the top row shows, as the width of the pulse increases, the reconstruction
becomes more and more blurry until no figure can be recognized. Using our framework, however, we obtain
reasonable reconstructions (where the figure of the dragon is clearly recognizable) even in the presence of
very wide Gaussian pulses.

Aspects of the signal such as the effect of noise and decreasing temporal resolution can be explored
under our proposed framework following on the steps of the example described in this section. However,
such exploration lies outside the scope of this chapter, which aims to establish a foundation for such
exploratory works, as we perform in Chapter 9.

8.9 DISCUSSION AND CONCLUSION.

This work draws inspiration from Dirac himself, who said: "if one is working from the point of view
of getting beauty in one’s equations, and if one has really a sound insight, one is on a sure line of
progress”, and: "a theory with mathematical beauty is more likely to be correct than an ugly one that
fits some experimental data”. We have focused on laying down the theoretical groundwork to provide
a comprehensive formulation of the different mechanisms and imaging methods in NLOS imaging. In
particular, formulating the NLOS problem in terms of the Dirac notation and defining a novel scene
operator (Equation (8.10)) has allowed us i) to derive the backprojection, the Phasor Fields, and the
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f-k migration formulations from a unified framework; ii) to demonstrate that the Rayleigh-Sommerfeld
diffraction operator is the propagation operator for wave-based propagation imaging formulations; and
iii) to demonstrate that backprojection and wave-based imaging formulations are equivalent. We have
demonstrated that the unitary property of propagation operators is necessary so that the experimental
measurements are real-valued magnitudes, reversible in time, and consistent with Helmholtz reciprocity
principle. The development of this work has been based on the key realization that phasors defined in the
wave-based formulation can be considered as projections of kets on different representations and operators
in a Hilbert space that model the interaction of light between a relay wall and a hidden scene. The different
projections of the kets yields the different formulations, including backprojection, Phasor Fields, and f-k
migration. The conclusions of this chapter are consistent with traditional wave optics framework. However,
we provide a different perspective that is more formal and general in the context of formulating NLOS
imaging. We actually express the concept of time-resolved NLOS imaging in a way that is agnostic to the
reconstruction algorithm and, therefore, our conclusions are not tied to particular algorithms.

Other NLOS methods could also be derived from our framework. Although a full formal derivation
falls out of the scope of this thesis, we provide here some meaningful insights towards this goal. For
instance, the technique proposed in Saunders et al. [101] is based on measuring the shifts of the shadows
caused by an occluder that is placed between the NLOS scene and the relay wall. Using our framework
the shift of the measurement points on the relay wall could be modeled as an affine transformation of
the propagation operator U connecting the illumination and the sensed points. Such affine transformation
would be directly related to the relative position of the occluder and the hidden scene. The technique
proposed in Pei et al. [87] is based on modeling arbitrary illumination patterns represented by different
point-spread-function patterns, and performing an optimization process to minimize noise and select the
most representative sampling points. One of the strengths of our framework is that it allows arbitrary
illumination functions, therefore Pei et al. fits naturally in it. The technique proposed in Cao et al. [8] is
based on actively changing the focus of the illumination using wavefront shaping. Being a wave-based
method it could be derived similarly to the derivation of phasor-fields and f-k migration, with operator U
being mapped to the operator in charge of wavefront shaping and focusing.

Finally, inspired by another Dirac’s quote stating that "I understand an equation when I can predict
the properties of its solutions, without actually solving it", we have laid down the foundation of a cohesive
mathematical framework to formulate NLOS challenges at large and we expect it will provide a deeper
understanding of the aspects that are most important in imaging NLOS scenes as well as to devise more
optimal and fast scene sampling and computational methods. This effort may include the formulation of
a generalized light transport operator to model properties such as polarization, scattering, dispersion, or
birefringence. The key process for incorporating those properties would be to represent them in a suitable
Hilbert space with the corresponding propagation operators. This work is the first stepping stone for future
research directions involving both theoretical and experimental results.
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NON-LINE-OF-SIGHT IMAGING FROM SUBOPTIMAL INSTRUMENT
RESPONSE.

ABOUT THIS CHAPTER

In this chapter, we propose a generalized formulation to model suboptimal instru-
ment responses in NLOS captures, based on Dirac notation. We explicitly account
for noise and point-spread functions present during acquisition, and establish a
mathematical relationship whose solutions allow estimating an ideal capture from
a real measurement, as demonstrated in our results. This work can be understood
as a continuation of the experiments presented in Chapter 8, expanding those
results with a more thorough analysis.

At the time of this thesis submission, the work described in this chapter is in
preparation for submission to Optics Express. As first author, I contributed to the
theoretical foundations, method development, experimental design, experimental
validation, literature revision, writing and revision of the manuscript.

9.1 INTRODUCTION.

Ideal NLOS reconstructions are obtained from a clean noiseless impulse response of the hidden scene,
which demands an infinitely high temporal resolution, and assume a perfect delta as the instrument response
of the sensor-laser pair. However, sensor and laser devices, nowadays mainly based on single-photon
avalanche diodes (SPAD) [27, 7], present a suboptimal instrument response. The instrument response of
the sensor presents a specific point-spread function (PSF) due to electronics [45], with temporal resolution
ranging from tens to a few hundreds of picoseconds. Emitters also present a PSF as a result of the
excitation and decay time of the materials to produce the light. These sensor PSF and illumination PSF
combine in the capture, deteriorating the instrument response with a Gaussian-shaped PSF for the captures.
Lower-end devices produce a wider PSF, with worse spatial resolution in NLOS reconstructions [86, 80].
Furthermore, another effect that deteriorates the instrument response comes from photon loss: a SPAD
sensor requires absorbing a photon to trigger the detection, with a probability modeled by the photon-
detection efficiency [45, 102]. At large, this affects capture with the appearance of a Poisson-like noise
due to the loss of photons, which becomes more problematic for shorter capture times (less photons) or in
photon-starved environments.

Therefore, the instrument response is suboptimal, compared to the ideal clean impulse response that is
usually assumed by NLOS reconstruction algorithms, affected by the system PSF and the photon-loss noise.
To enhance the capture quality, researchers employ devices with minimal PSF, restricting them to expensive
and specialized hardware. Also, they increase capture time to maximize the number of photons captured by
the SPAD sensors [7]. Overall, this limits NLOS applications to laboratory-controlled conditions, where
even calibration already presents a challenge, hindering the practical usability and widespread adoption of
in-the-wild NLOS techniques.

In this chapter, our goal is to overcome the limitations coming from a suboptimal instrument response
by computationally transforming a noisy temporal signal, such as the ones obtained with fewer-photon
scenarios (lower capture times), with a wide PSF of the system, associated with lower-end devices, into a
cleaner higher-frequency output, as if it were captured with higher photon counts and higher-end devices.
We propose a generalized solution for computationally reversing hardware-induced artifacts in the signal
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captured from the hidden scene. As a result, we obtain less noisy and more precise reconstructions,
independently of the specific NLOS reconstruction method. We achieve this by employing the Dirac
notation, broadly applied in quantum mechanics, which we use to represent transient NLOS imaging in
Chapter 8. This notation enables us to establish a mathematical base that models the ideal capture and
relates it to the expected noise of the SPAD, along with the system PSF, from which we derive a way to
computationally reverse both effects.

The work presented in Chapter 8 assumes that captures from the hidden scene are noiseless. In contrast,
in this chapter we exploit Dirac notation to explicitly model both noise and the point-spread function (PSF)
in NLOS captures. Note that in Section 8.8 we already introduced this idea. However, in this chapter we
provide a more thorough analysis of the generalized notation, model the capture process more realistically
by accounting for noise, and establish a mathematical relationship between the ideal and the real capture.

We first showcase our approach with NLOS simulated data, in which we can control the shape of
the PSF as well as arbitrarily degrade the time-resolved signal with Poisson noise. In addition, simulated
data provide a precise ground truth. We show how our method can reverse the instrument response from
low temporal resolution, up to 1225 picoseconds (in contrast, the temporal resolution of common NLOS
captures is in the range of tens of picoseconds), and noise associated with up to 90% photon loss. We also
show how our method improves the results of real-world noisy captures obtained from publicly available
datasets. Our work therefore relaxes the strict hardware conditions of current NLOS systems, making
existing techniques more practical, by reversing the effect of the instrument response.

Our proposal is flexible enough to support any arbitrary PSF of the system, including any arbitrary
illumination pulses. We demonstrate that previous methods correctly reconstruct a hidden scene illuminated
with a consecutive train of deltas when using our method (instead of a single delta pulse assumed by
previous methods), failing otherwise. This suggests that our method could inspire novel capture pipelines,
free of laser-sensor synchronization, reducing current calibration procedures, or even setting up the base of
novel capture methods based on coded illumination.

9.2 TEMPORAL PSFIN NLOS IMAGING.

Despite their promising performance, single-photon avalanche diodes (see Section 2.1 in Chapter 2) and
similar devices present time-jittering due to electronics [86, 21, 122], which, together with the laser time of
excitation and decay, results in temporal histogram errors that can be understood as the system PSF [4].
The size and shape of the PSF define the temporal resolution of the system, and low temporal resolution
degrades the quality of the reconstruction [86]. Previous works tackle this by attempting to increase the
resolution [122, 84]. For NLOS reconstructions, this is addressed using modified hardware to enhance the
temporal signal [117], or software solutions after reconstructions [121]. Jin et al. estimate the PSF of the
capture and applied a histogram deconvolution of the capture from this estimation [53]. Later, Wang et al.
modeled the problem as a Poisson convolution and then deconvolved the temporal signal [118]. Recently,
Tian et al. developed an iterative algorithm to achieve super resolution in NLOS captures [111].

In this chapter, we present a novel analytical solution that incorporates a model for this PSF, with the
novelty of also accounting for photon-loss noise [45, 97]. For this goal, we apply previous Dirac notation
for NLOS imaging, which offers a comprehensive and compact notation [91], in which we represent our
system PSF and noise model. This model enables us to devise a technique to undo the effect of PSF and
noise. Our solutions are agnostic to the reconstruction method later employed. Thus, we use three NLOS
imaging methods (filtered backprojection [115], fk-migration [66], and Phasor Fields [69]) to analyze the
effects of our method on different NLOS reconstructions.

9.3 OUR METHOD.

This section presents a unified and generalized mathematical framework for removing undesired artifacts
derived from suboptimal NLOS captures. We specifically account for the temporal PSF from lower-end
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Figure 9.1: The time-resolved light signal reflected from the relay wall at a point X; € L is represented as a state

with the ket |/), while the time-resolved signal scattered from the hidden scene reaching a point x; € S is
represented as a state with the ket |s).

hardware and scene-induced noise such as photon loss. We employ the Dirac notation for NLOS following
the ideas and formulation of the collaborative work we presented in Chapter 8, which we succinctly
introduce and adapt for this chapter in Section 9.3.1.

Our mathematical derivation begins in Section 9.3.2, where we establish a mapping between an
expected ideal capture and its measurement modulated by the system PSF. Later, in Section 9.3.3, we
incorporate the noise into our derivation. From both, in Section 9.3.4, we obtain a relationship between
the perfect ideal signal and the realistic signal from a suboptimal instrument response, which includes the
effect of both PSF and noise. By solving this relationship, we can obtain this perfect ideal signal from the
realistic one, and therefore apply NLOS reconstruction algorithms on the perfect ideal signal instead of
the suboptimal one. There are different solutions for our proposal; thus, in Section 9.3.5, we propose an
example solution in the frequency domain.

9.3.1 Representing an NLOS scene with Dirac notation.

As we previously pointed out in Chapter 8, similarities exist between the uncertainties of predicting a
particular outcome from quantum mechanics and probabilities of the presence of geometry in the hidden
scene in an NLOS context. This observation motivates them to employ the Dirac notation, broadly used in
modern physics, in an NLOS context. As they claim, any NLOS imaging method can be represented under
the Dirac notation, and they prove that to be the case for filtered backprojection [115], fk-migration [66],
and Phasor Fields [69]. Thus, they provide a cohesive theoretical framework that encompasses all NLOS
reconstruction methods. Through this subsection, we provide insights into their proposal adapted to this
work. For the reader who is not familiar with Dirac notation, we refer to Section 8.2.1 and Chapter 8.

In the particular case of NLOS imaging, time-resolved light signals are represented by states. The
state of light when reflected from a point x; € L in the relay wall is defined as the ket |/), while the state of
light as sensed from point x; € S in the relay to the sensor wall is represented as |s). Figure 9.1 represents a
schema of these kets.

Both kets are related by an operator U that represents the change of state due to the interaction of light
with the hidden scene, so that

sy =T |l). ©.1)

U represents the propagation operator of the hidden scene, relating the sensed state to a combination of all
illumination states from a single illumination point.

Additionally, the authors define the scene operator T,

7 =s) (| 9.2)
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which represents the relationship between the states of light at the illumination and capture points, indirectly
embedding the effect that the hidden scene has for each pair of points. Note that 7' represents a mathematical
abstraction, accounting for the complete light transport within the hidden scene. In their work, the authors
illustrate the generality of Dirac notation by representing several NLOS imaging methods deriving from
the scene operator, devising specific propagation and scene operators for each of them, from which the
NLOS method emerges naturally.

In the following subsections of this section, we utilize both the propagation and scene operators to
devise a general methodology for undoing the effect of non-delta light pulses in noisy capture pipelines.
This approach, as in previous work, is general and agnostic to specific NLOS reconstruction methods.

9.3.2  Point spread function in the scene operator.

To fulfill the assumptions of most NLOS reconstruction algorithms, 7" from Equation (9.2), is assumed
to be ideal. Therefore, |) is a perfect delta pulse scattered to the relay wall, and |s) is the ideal noiseless
impulse response of the hidden scene. We will refer to this operator as the ideal delta scene operator.

However, as we mentioned before, actual illumination and sensors are not delta in time, producing a
temporal PSF in the captured signal. We define a new set of kets accounting for the PSF effects: |l p> as
the state of light reaching the relay wall from the emitter, and ‘s p> as the state of the light captured by the
sensor from the relay wall. Note that we do not incorporate noise into the derivation for the moment, which
will be later included in Section 9.3.3. Thus, we define a noiseless non-delta scene operator fp as

Ty =|sp) (1] . 9.3)

Without loss of generality, we attribute the overall system PSF, i.e., the combination of sensor PSF and
emitter PSF, to ‘l p>. This equivalence is possible because the propagation operator U from Equation (9.1)
is unitary (see Chapter A). Intuitively, this can be understood as attributing all electronic effects that affect
the PSF to the emitter. This way, the two sensing kets |s) and |s,,> are related by the operator P = |l ,,> <l p‘
(see Section 8.2.1.3 from Chapter 8) as

[sp) = Pls) = |1) (Ip|s) - 9.4)

The operation of Equation (9.4) is an affine transformation, where we assume <lp‘lp> =1 as the
scale of the signal can be normalized. Therefore, the scene operators Tp can be thought of as different
projections of the ideal scene operator 7" for the same hidden geometry. Recalling the unitary property of
Equation (9.1), and the affine transformation of Equation (9.4), we can use the spectral theorem [12, 99] to
establish the following

<lp‘ 1, |lp> = <l11| T|lp> > 9.5)

where represents |l ,,> the PSF of the system, but it could be any suitable illumination (or PSF) basis. In
other words, Equation (9.5) tells us that the expected value of two unitary operators related through an
affine transform is the same using suitable basis functions for both.

9.3.3 Noise in the scene operator.

In previous Section 9.3.2, we model the capture with PSF and its relation with the ideal capture, using their
scene operators. In this section, we incorporate noise. This allows us to define a mathematical representation
that relates the ideal noiseless capture and the effects of suboptimal instrument response derived from noise
and PSF.

We define a ket ’Spn> which incorporates both the effect of the system PSF and the capture noise as:

spn) =|sp) +1r) 9.6)
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where |r) represents the noise reaching or induced by the sensor. The noise is defined with respect to the
captured light |s,) as

=Nlsp), 9.7

where N is a noise operator that can be different for each capture.

Now, we define a realistic scene operator, incorporating the PSF and the noise, as

Ton = |spn) (Ip| =
= (|sp) +1r) <p|
!Sp><l | +1) (tp
+A

9.8)

where A = |r) <l ,,| is the operator that represents the relation between the noise captured at the sensor and
the illumination pulse. Note that our realistic scene operator 7,y is a result of an addition between the
noise operator and the noiseless non-delta scene operator Tp from Equation (9.3). Our goal in following
Section 9.3.4 is to relate our realistic capture to the ideal one, using their associated operators.

9.3.4 Estimating ideal capture from suboptimal capture.

In this section, we define the relationship between the ideal scene operator and the realistic scene operator
that accounts for both the PSF (Section 9.3.2) and noise (Section 9.3.3). For that purpose, we focus on
making the realistic capture dependent on the ideal capture, rather than the noiseless non-delta capture.
We can apply the spectral theorem similarly to Equation (9.5) with our realistic operator Tpn from
Equation (9.10). Thus, we employ |l ,,> as a suitable basis, and establish that

(ol Ton [1p) = (b | T |1p) + <lp’A 1) =

. R 9.9)
= <ll7| T |1P> + <lP| A ‘lp> :
We now expand <lp| A |lp> using Equation (9.7) to substitute |r), which yields
<1P| A |lp> = <lp|’"> <1P|1F> =
=(Ip| N sp) (Ip|1p) = (©.10)

<lpm|sp> )

in which we consider that <lp|lp> = 1 similarly as we do in Section 9.3.2. We factor in Equation (9.4) to
substitute ‘s,,> in Equation (9.10), thus

(I Allp) = (1| N |1) (L s) - 9.11)

| N
We can now define a relationship between the ideal and realistic captures and operators, by plugging
Equation (9.11) into Equation (9.5):

ol Tom [1p) = (1| T{1p) + Iy

where we can expand f},n and T (the ideal delta operator) using Equation (9.2) and Equation (9.8),
respectively. Then, rearranging terms, Equation (9.12) becomes

(Ip|1) (s]1p) + (Ip| N |1p) (I s) = {lp|spn) = 0. ©.13)

which relates the ideal PSF |I) and the ideal noiseless capture |s) with the realistic capture ’Spn ), i.e., noisy
and under the PSF effects. Our target is to estimate the ideal capture |s). For that purpose, we assume we
have prior knowledge of the system PSF, formed by the illumination and sensor PSFs, as the devices are

A

V1) (L|s) (9.12)
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physically accessible. Recall that, as we mentioned before in Section 9.3.2, we attribute the system PSF to
the illumination ket |/), for mathematical tractability, and we assume the sensor is perfect. We also assume
that we can estimate a mean noise power density from the sensors.

Once we know the system PSF as well as the mean noise power density, we can obtain the ideal,
noiseless impulse response |s), free of both PSF and capture noise, by solving Equation (9.13). We then
use |s) for applying the specific NLOS technique, replacing |SP77> as input, implicitly removing both noise
and the PSF from the NLOS solution.

This equation is general, and serves for any basis that represents the signals. For its application, we
need to specify this basis. In the following Section 9.3.5, we propose a specific solution for the frequency
domain, although other solutions are possible, also for other bases.

9.3.5 Ideal estimation in the frequency domain.

This subsection presents a solution example for our Equation (9.13) in the frequency domain, which we
will later utilize in our results in Section 9.4. We define

|spn ) = /dw Spn (@) |@) |1,) = /da) L(w)|o) , 9.14)

where Sy, (@) and L, (@) denote the realistic sensing and arbitrary illumination values, respectively (in
this case, the illumination is the system PSF), for a frequency  in the frequency domain. Equivalently, the
definition of the ideal capture kets in the frequency domain is

Is) = /da) S(o) o) |1) :Lo/dw o), 9.15)

where |[) is the frequency representation of a delta illumination pulse in the time domain at t = 0 of
amplitude Lo, and S(®) is the ideal sensing value of the hidden scene at the frequency .

Substituting Equation (9.14) and Equation (9.15) in Equation (9.13), and developing as we describe in
Chapter B, it yields

/da) S() [|Lp(0) 2+ N(0)L5 ()] — L (0)Syn (0) =0, 9.16)

where N(®) is the mean density spectrum of the noise and Lj,(®) is the complex conjugate of L, (®).

Recall that, in this work, we aim to estimate the ideal impulse-response function S(®) from the
original captured function S,, (@), which is coupled with the system PSF L,(®) and the noise N(®).
Many solutions are possible as long as the result of the integral in Equation (9.16) is zero. Different
solutions would yield new, different methods for processing the captured signal, suitable for a more general
case.

Notice, however, that in a particular and ideal case, where the addition of the system PSF and noise is
non-zero for all frequencies, we can solve Equation (9.16) by setting the integrand equal to zero for all
frequencies, which becomes a Wiener deconvolution:
L, ()

S(0) = L @)+ L (@)v(w) (@)

(9.17)

We employ this specific solution for the rest of the manuscript. In practice, we make use of a
regularization term in the denominator of Equation (9.17) (€ ~ 1073) to define a complete domain of the
solution, i.e., to avoid divisions by zero.

9.4 RESULTS

In this section, we present our experimental validation. We show how our method estimates an ideal
capture, removing the instrument response effects, comprehending both system PSF (Section 9.4.1) and
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noise (Section 9.4.2), and its improvement in terms of quality for the reconstructions. Additionally, we also
show the capabilities of our method with any arbitrary shape of the PSF, e.g., from an arbitrary illumination
(Section 9.4.3). To demonstrate that our method is general enough to provide clear benefits for a variety of
previous methods, we apply three of the most common NLOS algorithms: filtered backprojection [115],
fk-migration [66], and Phasor Fields [69].

9.4.1 Removing the point-spread function.

Here, we demonstrate how our method yields a better estimation of the ideal capture by decoupling the
effect of the PSF of the system in a noiseless scenario. We use a light transport simulator optimized for
transient NLOS [96, 95] to synthesize three different scenes: Tivo Planes, USAF, and Dragon. These
simulations consist of 128x128 capture points on a 2x2 meter relay wall, with a single illuminated point at
the center (non-confocal configuration), placing the elements of the hidden scenes at one meter from the
relay wall.

The PSF of the NLOS systems usually follows a Gaussian distribution in time, followed by an
exponential tail, which is usually negligible compared to the Gaussian contribution. Thus, we define the
system PSF as a Gaussian distribution whose full width at half maximum establishes its temporal width.
We apply our technique, as described in Section 9.3.5, for simulated signals with three widths for the
system PSF: 314 ps, 628 ps, and 1225 ps. For reference, common NLOS captures have a PSF width in the
range of tens of picoseconds.

A
0.012

Normalized photon count

Y
Y
Y

Time Time Time
314 ps width 628 ps width 1225 ps width
— Ground Truth — Original Ours

Figure 9.2: Ground truth, original, and ours histograms for an emitter-sensor pair, simulated from the Dragon scene
under system PSFs of increasing widths: 314 ps, 628 ps, and 1225 ps. Ours (orange) is capable of correctly
recovering the main peaks of the histograms from the original data (blue), when compared to the ground
truth (green), even in the extreme case of a 1225-ps wide PSF.

| | 314ps | 628 ps | 1225ps |
Original || 11.00 | 860 | 630
Ours || 1750 | 14.09 | 10.99

Table 9.1: Scale invariant signal to distortion ratio of the original signal versus ours, compared with the ground truth
(the higher the better).

In Figure 9.2, we show the histogram comparison of a capture of the Dragon scene for each PSF width.
We compare three signals: the original capture (blue), our method’s estimation of the ideal capture (orange),
and the ground truth (green). Our method correctly recovers the general shape of the ideal capture from
the original data if compared to the ground truth. This is visible even in the extreme case of a 1225 ps
width pulse, where big uncertainties in the original data result in a single rounded peak, from which we can
recover the general shape of the ideal capture. We present a quantitative analysis of the same experiment in
Table 9.1, using the scale-invariant signal-to-distortion ratio (SISDR) [63] against our simulated reference.
In all cases, our histograms achieve a higher SISDR, meaning ours present more significant data.
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628 ps 314 ps Hidden scene

1225 ps

Original Ours Original Ours Original Ours

Figure 9.3: Our method’s effect on reconstructions of filtered backprojection. The scenes are simulated using system
PSFs of increasing width: 314 ps, 628 ps, and 1225 ps. From left to right: two planes, USAF, and Dragon
scenes. Imaging with the original data results in low-lateral resolution on increasing widths of the PSF,
whereas our method allows for recovering the hidden-scene features in all cases.

We also present the effect of increasing the PSF width and the impact of our method on NLOS
reconstruction methods. Specifically, we employ filtered backprojection in Figure 9.3 under the three
widths of the PSF for both the original data and ours. Decreasing temporal resolution associated with
an increase in the width of the PSF corresponds to a loss in lateral resolution in the original. Yet, our
method retrieves sharper results from the hidden scene in all cases. This is especially noticeable comparing
ours with the 628-ps and 1225-ps wide PSF, in the USAF and Dragon scenes, where the original data
yields formless blobs when imaging. Meanwhile, our approach successfully recovers temporal information
associated to hidden scene features. It is worth mentioning that the uncertainty derived from the width of
the PSF is three orders of magnitude higher than common illumination devices used in NLOS captures,
shifting from illumination at a range of picoseconds to nanoseconds.

Finally, as our proposal is general for any NLOS imaging approach, we show the effects of our method
using the combined PSF of 628-ps width in fk-migration and Phasor Fields with the Dragon in Figure 9.4.
Fk-migration requires a confocal configuration, hence we maintain the scene’s setup, but shifting the
capture to a confocal configuration of 128x128 points. We observe a clear enhancement of the hidden scene
in both cases, reducing the out-of-focus artifacts in Phasor Fields results and increasing lateral resolution
for fk-migration.

9.4.2 Including photon-loss noise.

NLOS captures have different sources of noise on top of the PSF of the system. To analyze the effect of our
technique, we simulate noise into the previously simulated data. Specifically, we employ a combined PSF
of 314 ps width for the same three scenes while introducing photon loss noise. Since photon captures follow
a Poisson process [25], we simulate the noise of the captured photons using a Poisson distribution [45]. We
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Original Ours Original Ours
(a) PF (non-confocal data) (b) FK (confocal data)

Figure 9.4: Our method’s effect on two different NLOS imaging methods, Phasor Fields and fk-migration, on the
Dragon scene with a system PSF of 628-ps width. For fk-migration, data is captured in a confocal
configuration. The wider pulse appears as out-of-focus artifacts in the Phasor Fields result and as a lower
lateral resolution in fk-migration, where ours gains sufficient temporal resolution to improve the sharpness
of the results in both cases.

estimate the expected number of events at a specific moment by photons from the clean simulated signal,
reduced by the loss percentage of the expected noise. We specifically simulate the 15%, 60%, and 90%
loss of photons. This is equivalent to reducing the capture time in a real-world setup [7]. Figure 9.5 shows
the histograms of the original capture (blue), and the decoupling using our method (orange), compared to
the ground truth (green). Our approach recovers a similar histogram shape to the ground truth, even losing
90% of the photons, keeping the same peak positioning. That is fundamental for proper imaging of the
hidden scene. Quantitatively, we obtain similar results in Table 9.2, where we achieve higher SISDR in all
cases with our method, compared to the original data.

A A A
0.012

Normalized photon count

Mo | M

>

Time Time Time
15% photon loss 60% photon loss 90% photon loss
— Ground Truth — Original Ours

Figure 9.5: Ground truth, original capture, and ours histograms of a single capture of a pair emitter-sensor from the
Dragon. The system PSF is 314-ps wide, and it presents noise of losing 15%, 40%, and 90% of the photons.
While the noise of the original capture (blue) reduces information about impulse response shape, ours
(orange) is capable of correctly recovering the histogram main peaks, when compared to the ground truth
(green), even in the case of 90% loss.

| | 15% | 60% | 90% |

Original || 9.61 850 | 5.05
Ours 12.02 | 10.82 | 10.14

Table 9.2: Scale invariant signal to distortion ratio of the original data versus ours, compared with the ground truth (the
higher the better), on a system with a PSF of 314-ps width, and simulating the noise of different photon
losses (columns).

The photon-loss effects are also visible when imaging, as Figure 9.6 shows, where we employ filtered

backprojection for the reconstruction. In the original data, the signal degrades as photon loss increases,
leading to reduced lateral resolution and high-frequency noise in the background. Our method mitigates
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Figure 9.6: Our method’s effect on reconstructions of filtered backprojection with incrementing photon-loss noise.
From left to right: two planes, USAF, and Dragon scenes. The system PSF of the capture is 314-ps wide,
and we simulated a photon loss of 15%, 40%, and 90% (Poisson noise). The original capture presents
high-frequency noise in the reconstructions at increasing loss, consequently affecting the image resolution.
Our method mitigates such noise and increases the visible features.

the background noise, blurring some of the edges in the most extreme scenarios, yet increasing the visible
features, e.g., some charts of the USAF and the general shape of the dragon. This is also visible on other
imaging algorithms, as we show in Figure 9.7 using the Dragon scene with a 90% photon loss using Phasor
fields and fk-migration. In both cases, high-frequency noise limits the dragon’s visibility, preventing Phasor
Fields and fk-migration to image any features from the original data. In contrast, our method allows hidden
scene features to appear again.

We additionally apply our method to real-world captured data from the publicly available dataset of the
fk-migration work [66]. The data we use comes from a discobulus statue next to a table with a flowerpot,
captured outdoors. The data is captured with a confocal configuration, consisting of 512x512 capture and
illumination points distributed on a 2x2 meter grid. We compare a long-time capture of 30 minutes and
a short one of 10 minutes, the second being even more challenging due to lower SNR. We estimate that
this corresponds to photon loss of 76% and 92%, for the long-time and short-time captures, respectively.
Furthermore, outdoor ambient lighting increases the capture noise. The system PSF of the capture is 70-ps
wide.

We show the impact of our method on fk-migration reconstructions in Figure 9.8 and compare it with
the original data. We observe that ours produces cleaner results, diminishing part of the high-frequency
noise that appears in the reconstructions of the original captures. The high-frequency noise occludes the
hidden scene until it completely hides the features in the case of 92% of photon loss in the original data,
whereas our method removes most of the noise while enhancing the visibility of the hidden scene features.
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Original Ours Original Ours
(a) PF (non-confocal data) (b) FK (confocal data)

Figure 9.7: Our method’s effect in noisy captures to different NLOS imaging methods: Phasor Fields and fk-migration.
We employed the Dragon scene with a system with a PSF 314-ps wide, and a 90% of photon loss. Using the
raw data, the photon loss (low SNR) yields high-frequency noise, making both algorithms fail at imaging.
Our method successfully decouples the ideal signal, enabling both Phasor Fields and fk-migration to image
correctly.

Original Ours Original Ours
76% loss 92% loss

Hidden scene

Figure 9.8: Effect of our method on fk-migration reconstructions using publicly available data [66]. This real capture
was taken outdoors, and it presents a system PSF of 70-ps width. We employ two cases of 76% and 92%
of photon loss (different capture times). Our method allows us to recover the ideal capture, reducing
high-frequency noise in the results and enhancing the hidden scene features, even in the challenging case
of 92% of photon loss with low SNR.

9.4.3 Arbitrary illumination reconstruction: train of delta pulses.

In our previous experiments, we considered Gaussian illumination pulses of varying width for the system
PSF, as they are common PSFs for lasers and SPAD sensors and are associated with the excitation and
the decay times of the materials. However, our technique can account for any known PSF shape. In
this subsection, we demonstrate the decoupling of an ideal capture using our method with an arbitrary
illumination pulse, i.e., the PSF shape depends only on the illumination. Specifically, we simulate the
Dragon scene and show the results of capturing a noiseless scene using a train of 40 delta pulses, each
emitted a few ps apart. This could be equivalent to employing a laser with a frequency much higher than the
sensor’s, which can increase the SNR or reduce the capture time. We show the results of our technique by
applying filtered backprojection to both the original data and our data in Section 9.4.3. Although imaging
with the original signal fails, our approach allows us to recover the shape of the hidden scene and image
the overall dragon’s features. This result hints at the possibility of imaging systems in which the laser and
the sensor are not necessarily synchronized.

9.5 DISCUSSION

Our main contribution is a mathematical model based on the Dirac notation that allows us to remove
the artifacts and undesired effects of the suboptimal instrument response in a capture system in non-line-
of-sight imaging. Specifically, we decouple the PSF of the optical system, comprising the combination
of the PSFs of the illumination and sensor, and the noise caused by the loss of photons with respect
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Figure 9.9: Dragon scene whose PSF is an illumination formed by a consecutive train of delta functions. Left to right:
Histograms of the Dragon scene, its effect on the filtered backprojection image, and its effect in the image
after using our method. While the train of deltas incorporates temporal uncertainty into the histogram and
reconstruction due to de-synchronization, our method recovers the original signal indistinguishable from
the ground truth and, therefore, the dragon’s shape in the reconstruction.

to the ideal capture. Our results demonstrate that our method’s solutions enhance the quality of NLOS
reconstructions regardless of the imaging method employed. Our method increases the spatial resolution of
the reconstructions by increasing the temporal resolution of the capture. We showcase this in our results,
where spatial uncertainty in our reconstructions appears in the wide PSFs due to manually accounting for
divisions by zero.

Capturing NLOS scenes demands specialized hardware that is often expensive (due to the need to
operate in the picosecond temporal range) and that requires precise calibration and long capture times
to increase the number of captured photons. Our method supports the modeling of any arbitrary shape
of a system PSF, including any illumination pulse shape, and allows reducing the precise calibration and
synchronization requirements of any transient NLOS capture. We demonstrate this in Section 9.4.3, showing
the reconstruction result using a train of deltas. However, any illumination shape could be employed.

In general, our work facilitates the use of lower-end, less expensive devices and reduces capture times
by computationally increasing the temporal resolution and decreasing the effects of the noise from photon
loss. We expect future endeavors to focus on novel capture methods, e.g., based on coded illuminations
on the relay wall for compressed sensing, which may further reduce capture time, power demands, and
shape the pulse and the duration of the illumination, thereby mitigating various noise effects. Future work
may focus on different solutions for a general case and further increase the improvements we present in
this work. Therefore, it may devise novel and robust processing algorithms for the NLOS captures. Thus,
our work is a step forward in applying NLOS imaging in real-world contexts, such as autonomous driving,
medical imaging, or search-and-rescue operations.
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DISCUSSION AND FUTURE WORK.

10.1 ENGLISH VERSION.

This thesis contains several contributions, described in three complementary directions: (i) relaxing physical
assumptions for NLOS reconstructions, (ii) improving the efficiency of NLOS reconstructions, and (iii)
enabling NLOS imaging under suboptimal conditions and capture devices using a cohesive formulation.
Although these contributions appear separately, they ultimately pursue the practical applicability of NLOS
in everyday technology. In that regard, we present a set of physical and computational tools that offer a
more robust and faster model for the NLOS reconstruction and the capture process. Each chapter offers a
specific discussion on the topic addressed there. Here, we present a holistic summary of the main ideas and
outline some of the key challenges that remain in the NLOS imaging field.

A persistent limitation in existing NLOS imaging approaches is a lack of robustness in scenarios
common in the real world. Through this thesis, we argue that the causes are simplifying assumptions and ad
hoc derivations due to problem tractability and/or computational convenience. Our contributions generalize
NLOS to more demanding environments. In Chapters 4 and 5, we surpass the assumptions of light traveling
in vacuum and of planar relay walls, respectively. This enables NLOS in dense scattering media such
as fog, smoke, or dust. It also allows reconstruction using non-planar relay walls, maintaining temporal
efficiency. Moreover, leveraging the Dirac notation from a collaborative work described in Chapter 8, we
can employ a compact representation for representing the correct light transport that would be otherwise
intractable. We show this in Chapter 9, where we specifically model capture effects such as noise and
hardware point-spread functions using the notation. Consequently, our modeling improves the robustness of
the capture process and enables the use of lower-end devices in NLOS imaging, as we show. In the future,
general models may not be restricted to specific relay wall setups, lighting configurations, or sophisticated
hardware, providing an interesting avenue for practical NLOS imaging in the wild.

Another major obstacle on the path to NLOS applicability is scalability. Reconstruction accuracy is
closely related to computational resources. Furthermore, the lack of prior knowledge of the hidden scene
often forces uniform high-resolution reconstruction across large volumes. In Chapter 6, we address this
by proposing a novel reconstruction method that trades off quality and memory consumption, reducing
memory usage by up to a factor of 16. Therefore, we enable the use of memory-constrained devices,
generating an alternative to reduce computation in empty or irrelevant regions of the scene. Chapter 7
describes another reconstruction algorithm from a different perspective. This algorithm the identification
micrometer depth variations, given a centimeter-scale voxelization for reconstruction. Furthermore, if
we factor in the reduced capture requirements discussed in Chapter 9, these contributions suggest a path
forward to real-time NLOS imaging. In the near future, we may expect substantially lower demands for
computational and optical devices for NLOS imaging. Our discussed goal is computational and capture
efficiency across these works. Still, our methodology involves understanding the physics of real wave
optics to provide insights into the virtual wave optics world. Delving further into physics would provide
broader insights, allowing to formulate novel and efficient NLOS imaging techniques. For example, future
researchers’ endeavors may draw inspiration from fields such as holography to retrieve more features
from the hidden scene using the virtual phase. Another alternative may involve the shaping of the virtual
illumination, gaining access to information that current methods lose, and diminishing the missing-cone
effects.

Overall, these contributions push the boundaries of NLOS imaging in terms of robustness, scalability,
modeling fidelity, and practical viability. The outcome paves the way for future researchers to establish
more complex and varied setups and applications for NLOS imaging. As the field progresses, we anticipate
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several future research directions. First, the Dirac notation proposal could provide a standard in the NLOS
field. The notation may represent a learning barrier for the researchers accustomed to previous NLOS
notations. However, they may benefit from embracing the generalization and interoperability that our
notation offers. Second, current implementations require a priori known target resolution and spatial
boundaries of the reconstruction, where scene characteristics are unknown by definition. Our Zero-Phase
Phasor Fields approach already relaxes these requirements, pointing toward this direction by providing finer
grain in detecting the hidden scene details than the voxelization used. In the short term, further work may
adapt our approach to non-confocal setups. In the long run, reconstruction algorithms may evolve beyond
current voxel grid implementations. Future works may completely forget about voxelization, estimating the
whole geometry of the hidden scene in an efficient time, achieving consistently high quality.

A natural extension of this work is the development of adaptive methods, where capture and re-
construction of the hidden scene are jointly optimized. Such methods could focus resolution and, thus,
computational resources, on the most relevant parts of the hidden scene while maintaining real-time
performance. Implementations would require efficient updates to the reconstruction as additional data
becomes available, where intermediate reconstructions guide subsequent acquisition. Our Chapter 5 work
may assist in that objective by combining different captures of the same hidden scene, which could be
complemented with related work for reconstructing non-regular captures [105]. To guide the use of capture
and computational resources, future work may rely on our Zero-Phase Phasor Fields and our simplification
based on Fresnel zone plates (Chapters 6 and 7, respectively). These approaches provide efficient solutions
to identify areas of interest within the hidden scene, relaxing the computational demands. Furthermore,
advances in sensing hardware, such as physically modulating the illumination, may work together with
computational tools, as in our Chapter 9 work. Similar to recent works [82], this could improve captures in
challenging conditions for NLOS imaging. Altogether, the relationship between hardware and computation
may offer approaches for adaptive temporal resolution.

Finally, while this thesis focuses on NLOS scenarios, our contributions may have broader implica-
tions. Our proposals involving scattering media in the hidden scene (Chapter 4) and multiple relay-wall
propagation (Chapter 5) may inspire parallel imaging ideas in scenarios where the scene is in the line
of sight. Examples of this might be imaging through bodies using non-ionizing radiation, or employing
higher-order light propagation for material analysis in visible scenes. These applications would employ
transient imaging, and they may also benefit from Chapter 9 work and its capture enhancement, as scattering
events or the increment of capture surfaces may reduce the affordable time and/or resources for capturing.
Furthermore, other applications may draw inspiration from the virtual wave optics abstraction. Applications
tailored for the identification of sharp and precise variations may approximate similarly to our virtual-phase
usage for Zero-Phase Phasor Fields (Chapter 7).

In conclusion, this thesis addresses key challenges that currently limit the real-world applicability of
NLOS imaging. Although the field is still in an early stage, the results presented here provide a set of
ideas related to generalization, efficiency, modeling, and adaptability. We hope these contributions inspire
future work that makes NLOS imaging more accurate, faster, and more accessible, ultimately enabling its
transition from laboratory research to everyday technologies.

In the following Section 10.2, this discussion and future work appears translated to Spanish.
PERSONAL CONCLUSIONS

The next lines treat about considerations that affect me personally regarding this thesis completion. Focusing
on a technical aspect, during this thesis, I have acquired the tools to read, study, and research a general topic
through specific publications. This information is often complex and requires several layers of abstraction.
The task is not trivial, and this maturity and knowledge have allowed me to witness first-hand the advances
in cutting-edge innovation. Moreover, I have had the opportunity to advance the innovation with the content
described in this thesis. Another set of abilities complements the technical ones, allowing me to express
myself. During these past years, I learned that attention to details, wording, and structure are crucial to
any communication. I am proud to say that now I am capable of expressing complex ideas, concepts,
and results, pitched for a specific audience. In contrast to the beginning of the thesis, I am aware of the
importance of these skills: "ideas that only live in your head cost nothing". All this allowed me to contact
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researchers around the globe whom I admire, or whom I did not know until that moment. [ am trying not
to repeat myself as I have already written my acknowledgments, but none of this could have happened
without my supervisors and colleagues. Let me finish by saying that I will fondly remember these past four
and a half years.

10.2 VERSION EN ESPANOL.

En esta seccidn, se incluyen las mismas conclusiones que las presentadas en el Apartado 10.1, salvo que
traducidas al espafiol.

Esta tesis contiene varias contribuciones, descritas en tres direcciones complementarias: (i) la relajacién
de suposiciones fisicas para las reconstrucciones sin linea de visién (NLOS, de sus siglas en inglés), (ii) la
mejora de la eficiencia de las mejoras NLOS, y (iii) la habilitacién de la imagen NLOS bajo condiciones y
dispositivos sub6ptimos con una formulacidn cohesiva. Aunque aparecen por separado, estas contribuciones
persiguen en ultima instancia la aplicabilidad practica de NLOS en la tecnologia cotidiana. En ese sentido,
presentamos un conjunto de herramientas fisicas y computacionales que ofrecen un modelo mas robusto y
rdpido para la reconstruccién NLOS y su proceso de captura. Cada capitulo ofrece una discusion especifica
sobre el trabajo allf detallado. Aqui, presentamos un resumen holistico de las ideas principales y describimos
algunos de los desafios clave que permanecen dentro del campo de la imagen NLOS.

Una limitacién persistente en los enfoques de imagen NLOS es la falta de robustez en escenarios
comunes en el mundo real. A lo largo de esta tesis, argumentamos que las causas son asunciones simplifi-
cadoras y derivaciones ad hoc debidas a la tractabilidad del problema y/o conveniencia computacional.
Nuestras contribuciones generalizan NLOS a entornos mds exigentes. En Capitulos 4 y 5, superamos las
suposiciones de que la luz viaja en el vacio y que las superficies auxiliares son planas, respectivamente.
Esto habilita NLOS en medios participativos densos, como niebla, humo o polvo. También, permite la
reconstruccion utilizando superficies auxiliares no planares, manteniendo la eficacia temporal. Ademas,
aprovechando la notacién de Dirac en un trabajo colaborativo y presentada en Capitulo 8, podemos emplear
una representacion compacta para una representacion correcta transporte de luz que de otra forma seria
intractable. Mostramos esto en Capitulo 9, donde modelamos especificamente efectos de captura como el
ruido y las funciones temporales propias de efectos del hardware utilizando la notacién. En consecuencia,
nuestro modelado mejora la robustez del proceso de captura y permite el uso de dispositivos de gama baja
en imagen NLOS, como mostramos. En el futuro, los modelos generales podrian no estar restringidos a
superficies secundarias especificas, configuraciones de iluminacién o hardware sofisticado, proporcionando
una via interesante para la imagen NLOS practica en entornos reales.

Otro obstaculo mayor en el camino hacia la aplicabilidad de NLOS es su escalabilidad. La precision
de las reconstrucciones estd estrechamente relacionada con los recursos computacionales. Ademds, la
falta de conocimiento previo de la escena oculta a menudo fuerza a una reconstruccién uniforme de
alta resolucién. En Capitulo 6, abordamos esto proponiendo un nuevo método de reconstrucciéon que
ofrece un compromiso entre calidad y consumo de memoria, reduciendo el uso de memoria hasta en
un factor de 16. Por lo tanto, habilitamos el uso de dispositivos con memoria limitada, generando una
alternativa para reducir la computacién en regiones vacias o irrelevantes de la escena. Capitulo 7 describe
otro algoritmo de reconstruccion con una perspectiva diferente. Este algoritmo logra la identificacién
de variaciones micrométricas en la profundidad, dada una voxelizacién a escala centimétrica para la
reconstruccion. Ademds, si consideramos los requisitos de captura reducidos que discutimos en Capitulo 9,
estas contribuciones sugieren un camino hacia la imagen NLOS en tiempo real. En el futuro cercano,
podemos esperar demandas sustancialmente menores para los dispositivos computacionales y pticos para
imagen NLOS.

Nuestro objetivo discutido es la eficiencia computacional y de captura a través de estos trabajos. Aun
asi, nuestra metodologia involucra el entendimiento de la fisica de 6ptica de ondas para proporcionar
contribuciones dentro del mundo de 6ptica de ondas virtuales. Profundizar mds en la fisica proporcionaria
perspectivas mas amplias, permitiendo formular técnicas de imagen NLOS mas novedosas y eficientes.
Por ejemplo, los esfuerzos de futuros investigadores pueden inspirarse en campos como la holografia para
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recuperar mds detalles de la escena oculta utilizando la fase virtual. Otra alternativa puede implicar el
modelado de la iluminacién virtual, ganando acceso a informacién que los métodos actuales pierden, y
disminuyendo el efecto del cono faltante.

En su conjunto, estas contribuciones expanden los limites de la imagen NLOS en términos de robustez,
escalabilidad, fidelidad de modelado y viabilidad practica. El resultado allana el camino para que futuros
investigadores establezcan configuraciones y aplicaciones mds complejas y variadas para la imagen NLOS.
A medida que el campo progresa, anticipamos varias direcciones de investigacién futra. Primero, la
propuesta de la notacién de Dirac podria proporcionar un estandar en el campo NLOS. La notacién
puede representar una barrera de aprendizaje para los investigadores acostumbrados a anotaciones NLOS
anteriores. Sin embargo, pueden beneficiarse al adoptar la generalizacién e intoperabilidad que nuestra
notacion ofrece. Segundo, las implementaciones actuales requieren conocer la resolucién objetivo y limites
espaciales de la reconstruccion a priori, donde las caracteristicas de la escena oculta son desconocidas por
definicion. Nuestro enfoque Zero-Phase Phasor Fields Capitulo 7 ya relaja estos requisitos, apuntando
hacia esta direccién al proporcionar la deteccidn de detalles de la escena oculta con un grano mas fino
que la voxelizacién utilizada. A corto plazo, trabajos adicionales pueden adaptar nuestro enfoque a
configuraciones no confocales. A un plazo mayor, los algoritmos de reconstruccién pueden evolucionar
mas alld de las actuales implementaciones basadas en rejillas de voxelizacion. Los trabajos futuros pueden
olvidar completamente la voxelizacién, estimando toda la geometria de la escena oculta en un tiempo
eficiente, logrando una alta calidad constante.

Una extension natural de este trabajo es el desarrollo de métodos adaptativos, donde la captura
y la reconstruccién de la escena oculta se optimizan conjuntamente. Tales métodos podrian enfocar
la resolucioén y, por ende, recursos computacionales, en las zonas mds relevantes de la escena oculta
mientras mantienen un rendimiento en tiempo real. Nuestro trabajo de Capitulo 5 puede asistir en dicho
objetivo combinando diferentes captureas de la escena oculta, que podria ser complementado con trabajos
relacionados consistentes en reconstruir capturas no regulares [105]. Para guiar el uso de captura y recursos
computacionales, trabajos futuros podrian emplear nuestros trabajos nuestro Zero-Phase Phasor Fields
o nuestra simplifacién basada en las placas de zona de Fresnel (Capitulos 6 y 7, respectivamente). Estas
propuestas proveen soluciones eficientes para identificar areas de interes dentro de la escena oculta,
relajando las demandas computacionales. Ademads, avances en el hardware de deteccién, como modular
fisicamente la iluminacidn, podria trabajar junto a herramientas computacionales, como nuestro trabajo del
Capitulo 9. Similar a trabajos recientes [82], esto podria mejorar las capturas en condiciones desafiantes
para la imagen NLOS. En total, la relacion entre hardware y computacién puede ofrecer soluciones para
resolucion adaptativa en el tiempo.

Finalmente, aunque esta tesis se enfoca en escenarios NLOS, nuestras contribuciones pueden tener
implicaciones mds amplias. Nuestras propuestas que involucran medios participativos en la escena oculta
(Capitulo 4) y la propagacién de multiples superficies secundarias (Capitulo 5) pueden inspirar ideas de
imagen paralela en escenarios donde la escena se encuentra en la linea de vision directa. Ejemplos de esto
podrian ser la formacién de imagenes a través de cuerpos utilizando radiacién no ionizante, o empleando la
propagacién de luz de orden superior para el andlisis de materiales en escenas visibles. Estas aplicaciones
emplearian la imagen transitoria, y podrian beneficiarse también del trabajo expuesto en Capitulo 9 y su
mejora de captura, ya que los eventos de scattering o el incremento de superficies podrian reducir el tiempo
y/o recursos asequibles para la captura. Ademas, otras aplicaciones pueden inspirarse en la abstraccion
de ondas virtuales. Aplicaciones adaptadas para la identificacién de variaciones nitidas y precisas pueden
aproximarse de manera similar a nuestro uso de la fase virtual para Zero-Phase Phasor Fields (Capitulo 7).

En conclusidn, esta tesis aborda desafios clave que limitan actualmente la aplicacion de la imagen
NLOS en el mundo real. Aunque el campo estd todavia en una etapa temprana, los resultados aqui
presentados proporcionan un conjunto de ideas relacionadas con la generalizacidn, eficiencia, modelado y
adaptabilidad. Esperamos que estas contribuciones inspiren trabajo futuro que hagan la imagen NLOS mads
precisa, mas rdpida, y mas accesible, habilitiando en dltima instancia su transicion de la investigacion de
laboratorio a las tecnologias cotidianas.
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PROPAGATION OPERATORS ARE UNITARY.

We will demonstrate that any propagation operator U is a unitary operator. This property is key in
demonstrating that backprojection and wave-based imaging methods are equivalent, which is demonstrated
in Section 8.7. A unitary operator is a bounded linear operator on a Hilbert space that satisfies:

00" =1 (A1)

where U is the adjoint operator of U and T is the identity operator. In other words, a unitary operator is an
operator such that the adjoint operator is also the inverse operator, as it follows from Equation (A.1):

00T=1 = 0O'=0" (A.2)

We will demonstrate that point-to-point propagation operators in Equation (8.11) are unitary operators.
The propagation of light from and illumination point 7 in virtual light source surface % to a sensing point
m in virtual camera . is defined as:

Tm,n = |Sm> <ln| (A.3)

where |s) represent the state of light at sensing point m and (I| represent the state of light at illumination
point n.

The adjoint of Equation (A.3) is:

TrZ,n = (|sm> <ln‘)T = [In) (sl (A4)

In quantum mechanics, an observable represents and experimental measurement of operator O. Observ-
able O corresponding to operator O is calculated according to Born’s rule, which states that the probability
density of finding a system in a given state is proportional to the square of the amplitude of a system’s
wavefunction. In practical terms, the observable is the expected value of operator O using a suitable basis
functions {|b,) } representing the system’s state:

0 =Y (ba|Olba) (A5)

The basis functions must behave in a way such that (by|by) = Oy 4. Notice that the observable O € R
whereas O € C (symbol * denotes the operator).

The observable for Equation (A.3) is computed as:

Tm,n = Z <ba‘ 7A-‘m,n |ba> (A.6)

a
Similarly, the observable for Equation (A.4) is computed as:

Tyn=Y (bal T}, ba) (A7)

a

Notice that both Equation (A.6) and Equation (A.7) represent the experimental measurements of the
propagation of light between two points, which are Real numbers (as opposed to Complex numbers) and
reversible in time due to the Helmholtz reciprocity principle. Therefore:

Toun =T) (A.8)
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which implies that the corresponding operators must be equal too:

A

Tm,n

ey

T,

m.n

The propagation of light from an illumination point » to a sensing point m is defined as:

|Sm) = ﬁm,n (1)

and the inverse propagation from a sensing point m to an illumination point n is defined as:

A

‘ln> = Vn,m |sm>

where V,, , is the inverse propagation operator.

The bra corresponding to Equation (A.11) is:
{In] = (sl Vil
Using Equation (A.12) in Equation (A.3) yields:
T = Ism) {ln] = |sm) <sm|VnT,m
and using now Equation (A.10) in Equation (A.13) yields:

Tm,n = |Sm) {In| = [5m) (Sm] VnT,m = Am,n 1) (Sm| VnTm = Um,nVnT,m |1n) (sm] = Tan

(A9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

We can commute |l,) (5| V;i,, = Vi, |1) (sm| because the outer product is a linear operation that is

commutative.

The only way Equation (A.14) is equal to Equation (A.9) is if:

A

OV =1 = Vi=0hs = Opal,=1]

which proves that a propagation operator U, , is unitary.
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IDEAL SIGNAL DERIVATION IN THE FREQUENCY DOMAIN.

We can split Equation (9.13) in terms, the first one being (I,|!) (s|,), the second one (I,| N |1,) (I, s).
and the third one <l,,|s,m > If we now factor Equation (9.14) and Equation (9.15) in Equation (9.13), so the
first term yields

(1) (s]tp) = [[ | dodwsda, L (@)LoS(,)Ly (@) (0] 0s) (0)]0) =
=L jfj dodwsdw; S(oy)|L,(0)]*8(0 — ws) (0, — o) = (B.1)

_ Lo/da, S(0)|Ly (@) = /da) S(0)|Ly (o),

where @ with any or none subindex is the frequency basis, and we simplify Ly = 1 as it only affects as a
scale factor, representing the amplitude of our searched delta illumination.

We set<l,,|N |lp> as the mean of the spectral density. Thus, we define a unitless kernel for noise
N(®, ") that corresponds to the operator N, so

(| N |ip) /dwl (o)N (0, 0,) Ly () = /da)1|L,,(a)1)|2N(w,wl) =N(o). (B.2)

Now, we can apply a similar definition from Equation (B.1) to the second term from Equation (9.13),
thus

| R |1 ()s5) = / do N(0)L;(0)S5(0) (0|o) = / do N(0)L;(0)S5(0) . (B.3)

Finally, we expand the third term from Equation (9.13) similar to the other two, defining

{Ip|spn) = /d(o Ly (0)Syn (o) (o|o) = /da) Ly (0)Spn (o) . (B.4)

Plugging all three expanded terms from Equation (B.1), Equation (B.3) and Equation (B.4), we now
define Equation (9.13) as

(Ipls) (Utp) + (L N [1) (1) = 1y Ispn>=
:/dco S()|L, |2+/dw1v /de (0) = ©5)

— /dm S(0) [[Ly(@)]* +N(w)Ly(0)] — Ly (0)Spy (@) .
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